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Abstract 

A super-symmetric coherent state path integral on the Keldysh time contour is considered for bosonic 
and fermionic atoms which interact among each other with a common short-ranged two-body potential. 
We investigate the symmetries of Bose-Einstein condensation for the equivalent bosonic and fermionic 
constituents with the same interaction potential so that a super-symmetry results between the bosonic 
and fermionic components of super-fields. Apart from the super-unitary invariance U(L\S) of the 
density terms, we specialize on the examination of super-symmetries for pair condensate terms. Effective 
equations are derived for anomalous terms which are related to the molecular- and BCS- condensate 
pairs. A Hubbard- Stratonovich transformation from 'Nambu'-doubled super-fields leads to a generating 
function with super-matrices for the self-energy whose manifold is given by the orthosympletic super- 
group Osp(S, S\2L). A nonlinear sigma model follows from the spontaneous breaking of the ortho- 
symplectic super-group Osp(S, S\2L) to the coset decomposition Osp(S, S\2L)\U(L\S) <8 U(L\S). The 
invariant subgroup U(L\S) for the vacuum or background fields is represented by the density terms in the 
self-energy whereas the super-matrices on the coset space Osp(S, S\2L)\U(L\S) describe the anomalous 
molecular and BCS- pair condensate terms. A change of integration measure is performed for the coset 
decomposition Osp(S, S\2L)\U(L\S) ® U(L\S) , including a separation of density and anomalous parts 
of the self-energy with a gradient expansion for the Goldstone modes. The independent anomalous 
fields in the actions can be transformed by the inverse square root G 0s ^ [/ of the metric tensor of 
Osp(S, S\2L)\U(L\S) so that the non-Euclidean integration measure with super-Jacobi-determinant 
[SDET(Go sp \j7)] 1 ^ 2 can be removed from the coherent state path integral and Gaussian-like integrations 
remain. The variations of the independent coset fields in the effective actions result in classical field 
equations for a nonlinear sigma model with the anomalous terms. The dynamics of the eigenvalues 
of the coset matrices is determined by Sine-Gordon equations which have a similar meaning for the 
dynamics of the molecular- and BCS-pair condensates as the Gross-Pitaevskii equation for the coherent 
wave function in BEC phenomena. 
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1 Introduction 



1.1 Gross-Pitaevskii equation with bosonic and fermionic fields 

Phenomena of Bose-Einstein condensation (BEC) with bosonic or fermionic constituents have been realized 
under various conditions [1]- [3]. The tuning via Feshbach resonances from repulsive to attractive interactions 
allows to observe effects as bright and dark solitons in the one-dimensional case and even metastable 
configurations of a BEC with pure attractive bosons in three dimensions @]-[B]. In many cases the Gross- 
Pitaevskii (GP) equation is sufficient to describe these various phenomena. In this paper we concentrate 
on the investigation of symmetries for BE-condensates which are composed of bosonic and fermionic atoms 
with the same interaction V|£_£/| among each other. A resulting super-symmetry is assumed between the 
bosonic and fermionic constituents, having the identical trap potential u{x) and the equivalent kinetic 
energies of similar masses. The GP-equation has to be extended to a super-symmetric equation with 
complex commuting order parameters bg m (t) for the bosons and anti-commuting variables ag tT (t) for the 
fermions [7]. Apart from the super-unitary invariance of the GP-equation with super-fields, we explicitly 
concentrate in this paper on the examination of super-symmetries for pair condensates whose interactions 
contain effective transport coefficients determined and averaged by density terms as background fields. In 
the main part spontaneous symmetry breaking (SSB) in a coherent state path integral is analysed for the 
transition to bosonic molecular condensates and BCS-terms as the corresponding Goldstone modes in a 
super-symmetric nonlinear sigma model [H[1],[TD]-[T5]. The common interaction potential Vj^_a among all 
the bosonic and fermionic constituents is supposed to be very short-ranged in comparison to other length 
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scales as the range of the trap potential u(x). The precise form of Vjj/_ji is not specified because we only use 
its short-ranged character in derivations for effective equations of anomalous terms from a coherent state 
path integral on the noncquilibrium Keldysh-contour. The repulsive and attractive case of is studied 

with the L = 21 + 1 bosonic (I = 0, 1, 2, . . .) and S = 2s + 1, s = |, |, |, . . . fermionic angular momentum 
degrees of freedom. The super-symmetric generalization of the GP-equation with super-symmetric vector 
field ipx,a{t) — (bx(t) , ag(t)) T takes the form 



th d^ga{t) = _h^2^ sa ^ + ^ a{t) + 2 J2r s ,, p {t) 1>3>,p(t) Vfa-ei *pg, a (t) , (1.1) 



x',0 



where the indices a, (3 have values from —I to +1 for the bosons and additionally from — s to +s for 
the fermions so that ipx,a{t) is in total a L + S = N component supervector (L = odd integer number, 
S = even integer number) 0. The angular momentum degrees of freedom are combined in the vectors bg{t) 
and anti-commuting fields a^{t) of bosons and fermions, respectively. In the following we list the precise 
form of the super-symmetric vector ipx,a(t) and its hermitian conjugate with index a 

a = -/,...,+/ ; -g, +s (1.2) 

L bosons S fermions 
N = L + S L = 2l + 1 S = 2s + l 



b s (t) \ M f ) = { b s,,n(t)} = (b s _i(t),..., bg t+ i(t)J 
Mt) ) d 3 (t) = {asA*)} = (osr,-.(*) . ••• , «*,+«(*)) 



1>tJt) = (b'g,-t(t) , b l +l {t) ■ a* g! _ s (t) , . . . , at +s (t)) 



The GP-equation (|1.1[) is invariant under global super-symmetric unitary transformations U(L\S) with 
matrix [7g Q (|1.3|) which leaves the norm of the vector ips,a (t) invariant so that one can transform from the 
bosonic amplitudes bg(t) to the fermionic ones a^{t) and vice versa[f| 

^, a (t) - = ^/Sa ; C> + ^ = 1; =>• ^ a (i) ^,a(t) = ^+j(t) ^(*) • C 1 " 3 ) 

Bright and dark soliton solutions tp x 9 a°\t), ipx 9 u°\t) for an attractive and repulsive delta-function potential 
V\x'-g\ = 9 &£,x' (with u(x) = const.) can be transferred from the complex commuting case to the super- 
symmetric fields (|1.6I1.7[) in one spatial dimension (|1.4p [TB]-[T5],[3 I2D1- The constant density n (|1.5|) 
follows from the constant commuting and anti-commuting vector fields b and a. The other parameters are 
the velocity v and the derived quantities as the length Iq, sound velocity c s and scale factors f3 v — v/c s , 

«»%^ = -£%# + 2 ^E +S ^(*)^(*) ^.-(*) (1.4) 

18=1 

^ 0) - ^o= * (1.5) 

V / ^2 | 5 | n to 

?i = ^2 i>a ] * ^ =b* -b + u ■ u = n B -Q-n F . 

a=l 

exp f i [to w x - f - \g\ n ) t] } 

« 0) W = — ^ ~^ J - ll ^ ) i (ff<0) (1.6) 

cosh < (x — v t)/lo > 



2 The spatial sum Y2s ■••is dimensionless and is scaled with the system volume so that ... is equivalent to J Ld d d x/L d . 
3 The standard convention for summing over repeated indices is applied throughout the paper, unless stated otherwise 
explicitly. 
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c s = y/2g n Q /m ; (3 V = — 



i Pv+lv tanh 7„ — 

V 'o 




7 „ = yi^ 



exp { - % - 2 g n t} ^ 



(g>0) (1.7) 



The invariant super-unitary U(L\S) density no^(t) = ip~ a (t) ipx,a(t) does not correspond to the sum of 
measured physical bosonic and fermionic densities because the expectation values for fermionic bilinear 
forms averaged over a super-symmetric generating function always involve an additional minus sign in 
comparison to expectation values of bosonic densities. Therefore, the total density nQ.g(t) — tpt (t) tps,a(t) 
of super-fields has to be regarded as the difference no-g(t) — ng.^(t) — np.g(t) of the observable bosonic 
nB-x(t) — ftsjCO ' b$(t) and fermionic np-g(t) = — c&(t) ■ ag{t) density components. 

However, the final derivations in this paper go beyond the super-symmetric unitary invariance U(L\S) 
(|1.3p of the L + S = N components of ipg lCt (t) in the GP-equation fll.lj) . In sections [U to E] we continue 
to derive and to examine effective equations for anomalous terms (ips,a(t) tps,/3(t)} which are related to 
the BCS- and molecular condensate [21]-[24]. These equations follow from symmetry considerations of a 
spontaneous breaking of an ortho-symplectic super-group Osp(S, S\2L) with the direct sum SO(S,S) © 
Sp(2L) for the fermion-fermion and boson-boson blocks in the even parts, respectively^] Separating 
the self-energy matrix into density and anomalous terms, one can extract the Goldstone bosons and fermions 
with a splitting of the ortho-symplectic super-group Osp(S, S \2L). The unitary super-group U(L\S) for 
the density part is regarded as the invariant subgroup for the vacuum or ground state in a SSB whereas the 
coset space Osp(S, S\2L)\U(L\S) of the Goldstone modes is assigned to BCS- and molecular condensate 
terms. The various steps for obtaining these effective equations on a coset space Osp(S, S\2L)\U(L\S) are 
briefly summarized in the following subsection. 

1.2 Overview of the derivation of the nonlinear sigma model for the pair con- 
densate terms 

We list the various steps to the effective equations for the anomalous terms with reference to the corre- 
sponding sections : 

• Supersymmetric coherent state path integral on Keldysh time contour (subsection 12. ip 

• Transformation of the quartic interaction to densities, anomalous terms and the order parameter 
(subsection I2.2[) 

• 'Nambu'-doubling of super-fields for anomalous terms; Hubbard-Stratonovich transformation (HST) 
[551 IMj from the dyadic product of super-fields to a super-symmetric matrix for the self-energy; 
integration over the remaining bilinear super-fields results in the superdeterminant composed of the 
self-energy and doubled one-particle Hamiltonian (subsection 12. 2p 

• Symmetry considerations of the actions in the coherent state path integral and its invariance under the 
ortho-symplectic super-group Osp(L, L\2S) with the direct sum of SO(L, L)®Sp(2S) and its subgroup 
U(L\S) for the densities; the invariant transformations Osp(L, L\2S) of the generating function differ 
by the number of independent parameters from the independent field degrees of freedom in the self- 
energy matrix (subsection 13. 1[) 

4 The ortho-symplectic super-group with orthogonal symmetry SO(S,S) in the fermion-fermion block of super-matrices 
and symplectic symmetry Sp(2L) in the boson-boson part is usually denoted by the symbol Osp(S, S\2L) with the first two 
letters 'S,S' referring to the letter 'O' in 'Osp' for orthogonal and '21/ related to the letters 'sp' for symplectic in 'Osp'. 
However, the notation Spo(2L\S, S), as symplecto-ortho super-group, is also in common use, with the symplectic symmetry 
Sp(2L) for the bosons and orthogonal symmetry SO(S, S) for the even fermion-fermion section of super-matrices. In this 
paper we have to consider the ortho-symplectic super-groups Osp(S, S\2L) and Osp(L, L\2S) which follow by the exchange of 
the orthogonal with the symplectic symmetry in the even parts of super-matrices, e.g. SO(S, S)S)Sp(2L) for Osp(S, S\2L) and 
SO(L, L) ffi Sp(2S) for Osp(L, L\2S). The numbers L = 21 + 1 and S = 2s + 1 of the angular momentum degrees of freedom 
are retained for specifying the dimension of the prevailing group for the boson-boson and fermion-fermion parts, respectively. 
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• Comparison of the self-energy as a generator of the super-group Osp(S, S\2L) in contrast to the in- 
variant ortho-symplectic transformations Osp(L, L\2S) of the coherent state path integral (subsection 
13. 1^ : determination of the number of independent fields in the self-energy matrix or corresponding 
generator of Osp(S, S\2L) (subsection 13. derivation of a generating function with a modified HST 
and anti-hermitian anomalous parts for the self-energy so that the invariant transformations are 
equivalent to the group manifold Osp(S, S\2L) of the self-energy (section I3H]) ; assignment of the 
independent parameters to the block-diagonal subgroup U(L\S) for the densities and to the coset 
space Osp(S, S\2L)\U(L\S) for anti-hermitian anomalous terms including the change of integration 
measure (subsections 13.31 and appendix I A. llDOf 

• Decomposition of the coherent state path integral into block-diagonal invariant density matrices and 
anomalous terms including a gradient expansion (subsections I4.1H4.6I and appendix |B|) ; elimination of 
the 'hinge' functions as block diagonal subgroup U(L\S) which can be regarded as 'massive modes' 
in the SSB (subsection 14 l[k determination of the Hilbert space for the gradient operators acting on 
dyadic products of 'Nambu'-doubled super-fields fsubsection l4.2p ; rules of propagation for super-fields 
^% a {t p ) and pair condensates SY^Jx, t p ) within the self-energy density (x, t p ) as background field 
(subsections 14. 3[ 14. 4j) ; gradient expansion of the actions from the super-determinant and the BEC 
wave function terms with corresponding transport coefficients averaged over the background field 
crp(x,t p ) as environment (subsections 14.51 14.61 and appendix IB"]) 

• Description and classification of dominant terms for the effective actions of the pair condensates 
arising from the gradient expansion (subsection derivation of effective classical, mean field equa- 
tions for pair condensates as independent field degrees of freedom in the coset super-generators of 
Osp(S, S\2L)\U(L\S) (subsection [572]) ; relations for variations with the coset generators of the inde- 
pendent anomalous terms within the exponentials of corresponding Lie super-group elements (sub- 
section [5T2J ; explanation of the adjoint representation of a super-algebra from a Jacobi- identity of 
super-matrices and from its structure constants with regard to simplifying the classical nonlinear 
sigma equations (subsection 15. 3|) 

• Geometric meaning of the stationary nonlinear sigma actions in d-dimcnsional coordinate space with 
transport coefficients c v (x,t p ), d i: >(x,t p ) and the metric tensors Go sp \u> Gw^ls) of the coset and 
subgroup manifolds (subsection l6.ip 

The final effective coherent state path integral for the anomalous terms is briefly outlined in Eqs. (jl.81 
I1.16P in anticipation of results in section leaving out details of the derivations for the nonlinear sigma 
actions and the integration measure. Apart from the action A j [T] as 'seed' for the pair condensates, 

the effective generating function Z[J , J^, i J^] (|1.8p contains 'Nambu'-doubled source fields J^. a (x,t p ) 
for coherent BEC wave functions and a source term JS b a , s , g(t p , t' q ) within the action .4' [?;,/]. The 
derivative of ([1.80 with respect to Jg h a .g, g(t p , t' q ) yields the corresponding observable. We can classify the 
effective actions for pair condensates according to the parameter Af = fi (1/Ai) • (L/Ax) d which follows 
from the number of considered discrete intervals or points of the underlying grid of coordinates. This 
parameter inevitably appears as the arising super-determinant of the self-energy is transformed to the 
exponential of a 'Trace'-'Super-trace'-'logarithm' expression where spatial and contour time integrations 
have to be introduced for defining appropriate actions in the expansion of gradient operators from the 
super-determinant 

Z[J,J^,iJ^] = J d[f-\x,t p ) df(x,t p )] expjz^Jf]} (1.8) 

x exp { - A' M -x [f ; J^] - A'j^o [f; J+] - A' N+1 [f] } x exp { - A' [f; j] } 

The effective actions A^-i [f; J^] , A' M0 [f; J^] , A' N+l [f ] of {EHJ are itemized in relations ((TTJ) to ^TTTBJ) 
with the dependence on T(x,t p ) = exp{— Y(x, t p )} and the matrix Z{x,t p ) = T(x,t p ) S T~ 1 (x,t p ) ()1.10p 
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for the coset decomposition Osp(S, S\2L)\U(L\S). The super-matrix f(x,t p ) = exp{— Y(x, t p )} on the 
coset space Osp(S, S\2L)\U(L\S) is composed of the independent molecular and BCS condensate de- 
grees of freedom within the generator Y(x,t p ). The transport coefficients c t: >(x,tp), d t; >(x,tp) (|l.imi.lJ|) 
(i, j — 1, . . . , d; d-dimensional coordinate space) follow from the average with a coherent state path integral 
composed of the scalar self-energy a^\x, t p ) as background field. The actions A'j^-i [T; J^\ , A'j^ [T; , 
A'j^ +1 [T] (|1.9I1.15I1.16|) comprise all the spatial gradients 8j — -J= up to second order and time- 
derivatives E p = tfi-gf- up to first order which emerge from the gradient expansion of the super-determinant 
and BEC wave function terms 



A' f ,.-,[f;J t ]=~JJ^'£ / c"(i,t r ) STR.[(ai(f,( p )) (djZ(x,t r ) 



N=L+S 

x E d ij (x,t p ] 



77 



dif{x,t p )) f-\x,t p ) (djffatjS) f- l {x,t p ) 



x a,6=l,2 



13a 



Z(x, t p ) 
c ^ (x, tp) 

c^(x,t p ) 
d^(x,t p ) 



= f(x,t p )Sf 1 (x,tp) ; v(x,t p ) = u(x) + a < £\x, t p ) = 



u(x) + afr(x,t p ) 

77 



= c^{x,t p )+c^{x,t p ) 



= -2 



(didjv(x, t p ) 



- <5». 



^ ( (d k d k v(x,tp) 



k=l 



(div(x,t p fj (djv(x,t p ) 



I 



fe=i 



= 2(3 



(div{x, t p fj (djv(x,t p ) \ - (didjv(x,t p )\ 



(1.10) 
(1.11) 

(1.12) 

(1.13) 
(1.14) 



~ / l STR ^ (4»T(!?,*p)) +f-\x i t p ) (d t d t f(x,t p ) 

X I 



E E E 

£ a,6=l,2 a,/3=l 



J K 



ldidiT(x,t p )} T- 1 {x 1 t p ) + 



+ f{x,t p )Sf-\x,t p ) (Epf{x,tp)) f- 1 {x,t p ) + 
- 2 (dif(x,t p j) f-\x,tp) (dif{x,t p )) f-\x,t p ) 

y l^vp^STR^f-^tp)) 2 -1 2N 



-i ba 



0a 



77 



Ix2N 



(1.15) 



(1.16) 



The coefficients c iJ (af, t p ), d y (af, i p ) (jl.lHll.llj) are determined by the dimensionless, scaled trap potential 

u(x) = u(x) /Af and scalar self-energy (x, t p ) = (x, t p ) /Af whereas the derivatives or spatial gradients 
of matrices retain a dimension as square root of the kinetic energy. Instead of an averaging procedure with 
<jp (x, tp) as background field, a saddle point equation can approximate this scalar self-energy and the 
corresponding coefficients c* J '(x, t p ), d^(x,t p ) (|1. 11111. ll|) . Since the eigenvalues of the effective matrix 
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T(x,t p ) for the Goldstone modes are given in terms of trigonometric functions for compact degrees of 
freedom (bosons) and the hyperbolic sine-, cosine-functions for the noncompact components (fermions), the 
effective classical equations on the coset space are related to the Sine-Gordon equations. These equations 
specify the dynamics of the anomalous terms in analogous manner as the GP-equation describes the coherent 
condensate wave function in BEC phenomena. 

There is one relation (|1.23I3.24[) of central importance throughout this paper which allows to perform 
variations of exponentials of operators or matrices, as e.g. T(x,t p ) — exp{— Y(x, t p )} with respect to the 
generator Y(x,t p ). This fundamental relation (|1.23p is needed for calculating the change of integration 
measure in a coset decomposition as well as for computing the classical nonlinear sigma equations from 
variations of the actions for the anomalous terms (compare reference [37] with other derivations for varying 
exponential as well as logarithmic or inverse functions of matrices and operators). The variation as SA(v B) 
(|1.17|) for an exponential of a matrix B follows from differentiation with respect to a real parameter v which 
is finally integrated in the interval v € [0, 1] (|1.21j) . We combine the variation of 5A(v B) with respect to 
SB with the derivative of the real parameter v and obtain relations (|1.17I1.2U|) 

SA(vB) = cxp{v B} s(exp{-v B}) (1.17) 

d(SA(v B)) _ . 

— - — — '- = exp{v B} B S[exp{-v B}) - exp{v B} 5(5 exp{-v B}) (1.18) 

s(^B cxp{~v B}j = B s(^exp{—v B}j + SB exp{-t> B} (1.19) 



d(sA{v B] 
dv 



exp{v B} SB cxp{-v B} . (1.20) 



The mentioned integration of (|1.20[) within v € [0, 1] leads to the required result (|1.23[) which attributes 
the variation of the exponential 'exp{B} <5( exp{— _B}) ' to the variation of the matrix B in the exponent 



J d(sA(vB^j = -J dv exp{v B} SB cxp{-v B} (1.21) 

SA(1 ■ B) - SA(0 ■ B) = - [ dv exp{v B} SB exp{~v B} (1.22) 

Jo 

exp{B} s(ex-p{-B}^) = -J dv exp{v B) SB exp{-v B} . (1.23) 

The integration over v S [0, 1] in Eq. (|1.23p can be achieved in a formal manner by introducing the 

— > 

exponential of the commutator-operator [B , ...]_. This construction is also used in statistical mechanics in 
relation to the time development of the statistical operator with the Liouville- and von-Neumann equations 
[38] 



exp{B} 5(exp{-B}^) = ~ j Q dv (expju [B , ...]_!} SB) = - ^ P ^ =J ' -J SB^j (1.24) 



2 Coherent state path integral and super-matrices 

2.1 Super- symmetry and density matrix for bosonic and fermionic atoms with 
anomalous terms 

The operators ij)g,a> a with bosonic and fermionic operator parts bg, ag are introduced in analogy to 
the super-fields ips,a (t) (|l-2p in order to derive the corresponding generating function for the GP-equation 
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2 COHERENT STATE PATH INTEGRAL AND SUPER-MATRICES 



(Hi) El 

A T 

fa, a = (h , Sg) ^ a = (b+ , . (2.1) 



The second quantized Hamiltonian is determined for the classical GP-equation (jl.ip in relation 
Spontaneous symmetry breaking source terms j^ ; jv(^, t) and j^ ; NxN(x, t) are included for the macroscopic 
BEC wave function and for the anomalous terms of the BCS- and molecular condensates 

H(i> + ,4>, t) = J2J2 h ^ + ^iM, a V\s>-a h, a h-ji+ (2.2) 

x ol x,x' a, (3 



— str 

2 ^ a,0 



Cx,LxL Vg,LxS \ i / C x,LxL %,LxS 



V VS,SxL Jx,SxS J \ Vg,SxL Jg,SxS J 



Apart from the trap potential u(x), the kinetic energy is contained in the one-particle operator h(x) (|2. 212.3ft 
where the different masses of the bosonic and fermionic atoms are approximated to an average value. The 
transformation ipg a (t) — * e -4 ^ /^ * ipx,a{i) yields the chemical potential fio in the coherent state path 
integral for vanishing temperature. This energy parameter is a reference for the gradually varying 
spatial and time-like evolutions of the super-fields in the gradient expansion. The source term ji/,- a (x,t) 
(|2.2|2.4|) is the conjugated supervector field to ipx,a(t) with L — 21 + 1 bosonic j^-B,L{x,t) and S = 2s + 1 
fermionic jip- t F,s(%, t) angular momentum degrees of freedom 

# 2 * 

h(x) = h u(x) — Ho (2-3) 



2m 

U;N&t) = (j^;B,L(x,t) ; j^F,s(x,tU (2.4) 



The anomalous operator terms for spontaneous symmetry breaking are combined in the symmetric operator 
matrix cg.LxL P-5j) for the bosonic molecular condensate, the antisymmetric operator matrix fs,sxs H2.6j) 
for the BCS-condensate of the fermions and into the fermion-boson mixed operator f]x,sxL (|2.7p and its 
transpose ??J jixS (|2.8p 

C-x,LxL — {Cx,mn} — {px,m ^x.n} m, Tl — ~l , . . . , +1 (2-5) 

fa,sxs = {/!>'} = {«!>«!>'} r,r' = -s,...,+s (2.6) 
Vx.SxL = {r)S,rm} = {&x,r bg,m} r = -s, . . . , +s ; m = -l,...,+l (2.7) 
Vs,LxS = {Vx-,mr} = {h,m &x,r} m = ; r=-s,...,+s . (2.8) 

The source term j^-NxN(x,t) in (|2.2|l for the anomalous terms (|2.5H2.8p is a super-symmetric matrix, 
consisting of the even boson-boson block jb;LxL(x,t) (|2.9I2.10[) in the upper block diagonal and the even 
fermion-fermion block jf-,sxs(x,t) (|2.9|2.10p in the lower block diagonal. In order to take into account 
the boson and fermion statistics of the angular momentum, the boson-boson jb-LxL(x,t) (fermion-fermion 
j/:Sxs(^j t)) block is symmetric (antisymmetric) under transposition (I2.10p . The boson-fermion j^ ixS .(af, t) 
and fermion-boson block j v -sxL(x,t) (|2.9l2.11|2.12p contain odd Grassmann variables and are related by 
transposition with an additional minus sign. The cyclic invariance for products of super-matrices in a 



5 In the remainder operators and matrices are marked with a hat ' ' or a tilde ' ' in this paper. Furthermore, the dimensions 
of matrices are occasionally displayed, as e.g. in eg lxL with dimensions L X L or fjx.SxL with dimensions S X L. Considering 
the dimensions and symmetry of a matrix, one can conclude for the number of its independent variables and can remember 
the exact structure of the matrix in later sections without various sets of indices. 
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generalized trace relation 'str' (|2.2p requires this additional minus sign (compare (|2.16[) ) 

7 (nt*\ - ( Jb;LxL(x,t) -j^LxS&t) \ (o Q\ 

V 3ir,s-xL{x,t) -Jf;Sxs{x,t) J 

jb-,LxL(x,t) e C even j^. LxL (x,t) = j b . LxL (x,t) (2.10) 
3f;Sxs(x,t) e C e „ e „ jj i sxs& t ) = -Jf;Sxs(£,t) 

3n;SxL{x,t) = {jfi;rm(x,t)} G C od d ( 2 -ll) 

J^LxsO^) = {i^mr(^i)} £ C orf(i (2.12) 

r = — s, . . . ,+s m = —I, ...,+/ . 

In the following we define the relations for the super-algebra applied in this paper, especially the complex 
conjugation of anti-commuting variables (|2.13p . the super-transposition (|2.14|2.15p and super-trace (|2.16p 
of a super-matrix and its super-hermitian conjugate (|2.17| [ 34] . In this paper the complex conjugation 
for the product of anti-commuting variables (|2.13[) also involves an exchange of the factors to the reversed 
order [f| 

= £..-8 • (2-13) 

Under a super-transposition 'st' of the super-matrices Ni, N2 (|2.14p , the even block-matrices c\, £2 and 
fi j ji in the boson-boson and fcrmion-fcrmion blocks are transposed in the ordinary way. On the contrary 
the boson- fermion blocks rjj , 77^ and fermion-boson blocks Xi, X2 in (|2.14p are exchanged by transposition 
with an additional minus sign in the resulting fermion-boson block. The minus sign in the odd parts of 
the transposed super-matrix N st preserves the property (|2.15p for the transpose of the product of ordinary 
matrices. The super-transposition of the product of super-matrices (N\ ■ A^)** (|2.15p gives the product of 
super-transposed matrices 7V|* ■ N[ 1 in reversed order in analogy to the transposition of an ordinary matrix 
product 

61 \ . _ ( c 2 V2 \ . jfwrt / x% \ <TSt _( cf X2 



Ni = ? ; N 2 = r '/ ; A^f = i U ; iV 2 st = i % (2.14) 

(Ni ■ N 2 ) st = Nf ■ Nf . (2.15) 

The corresponding super-trace 'str' (|2.16p is defined with an additional minus sign in the trace of the 
fcrmion-fcrmion block matrix so that the cyclic invariance is maintained as in a trace relation of the 
product of ordinary matrices. The super-hermitian conjugation (|2.17p of a super-matrix as N does not 
involve an additional minus sign in its odd parts as for the super-transposition (|2.14p . It is equivalent 
to the ordinary hermitian conjugation of matrices except that it has to be performed on the four blocks 
separately with an exchange of the boson- fermion and fermion-boson parts. It also respects the property 
(Ni N 2 ) + = N+ N+ (l2~T7l) without a minus sign in the odd parts as with ordinary matrices because 
the complex conjugation (|2.13p has been defined with a reversed order of the corresponding complex anti- 
commuting variables. Therefore, the superhermitian conjugate of a super-matrix as N is analogous to the 
ordinary hermitian conjugation, but by consideration of the special complex conjugation (|2.13p for the 
Grassmann numbers 

stv[N] = str ^ ° ^ ^ = tr[c] - tr[/] str[iVi N 2 ] = stx[N 2 Ni] (2.16) 
= ( % % ) N+=( f f + ) (N, N 2 )+ = N+ N+ . (2.17) 

\ Vl Jl / V V2 J2 J 

The relation det(M) = expjtrlnM} between the determinant and the exponential trace- logarithm of 
ordinary matrices M can be generalized to define a super-determinant with the super-trace (|2.16p in an 



The complex conjugation as in l|2.13|l is also denoted as 'star-operation' on Grassmann variables |34j . 
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exponential super-trace- logarithm relation (|2.18[) . Applying the cyclic invariance in a trace and super-trace 
relation, the super-determinant (|2.18[) of the super-matrix Nn x n (|2.14[) can be derived as follows 



sdet(iVjvxA') = exp ^ strln 
= exp < str In 



CLxL VlxS 
XSxL fsxS 



(2.18) 



CLxL 
fsxS 



1 



LxL 



det (cl> 




det (/<?, 


<s) 


det (cl> 




det (/<?> 


<s) 


det (cl> 


<*) 


det (/ s > 


<*) 


det (c Ly 


<*) 


det (f s > 


<s) 


det (cl> 





x exp < str In 



fsxS XSxL 







— 1 -T 
C LxL VlxS 



NxN 



— 1 ~T 
c LxL VLxS 



x exp 



E 

n=l 



2n 



-str 



fsxS XSxL 

— 1 -T f— 1 - \" 
c LxL VlxSJSxS XSxL) 





(/sxS XSxLC LxL Cxs) 



x exp 



[trln (l LxL - c L \ L fil xs fsxs Xsxl) } 



x det (i-LxL - c LxL f] T LxS ] s l s xsxl) 

'VLxsfsxS XSxl) 



det (/. 



SxS 



The determinant of the fermion-fermion block fsxS appears in the denominator because the super-trace 
includes a minus sign in the fermion-fermion block (12.16[) . Similar transformations as in the derivation 
for the super-determinant (|2.18p lead to the property sdet(7Vi • N 2 ) = sdet(TVi) ■ sde^A^) as for ordinary 
matrices. 

Other definitions of the complex conjugation of Grassmann numbers, as the superstar-operation 
[Mj, require a different definition of the superhermitian conjugation 'f of the super-matrices Nx, N 2 (|2.22p 
which can be composed of the superstar-operation (j2.19H2.2l"]) and the super-transposition ,st ' (12.14|2.15p 
(Compare with [S], [26] -[33], [39]) 



p p 

c+ 

-fj 



fits 



X" 



(2.19) 
(2.20) 
(2.21) 

(Ni N 2 ^ = (iVi N 2 ) ist = Nl N\ = A>| st N\ st . (2.22) 



= 

Art = 

The above definition 



of complex conjugation of odd variables is preferably used in disordered 
systems [30 , 39 whereas the definitions (|2.13H2.l"H| . applied in this paper, retain the hermitian properties 
of the coherent states in a path integral. 

In the remainder we introduce the time contour integral (|2.23[) with the time variables t p on the 
branches p = ± for the time development of the Hamiltonian in forward /_ dt+ . . . and backward di- 



rection 7^°° dt- . . . [40]-[47]. The negative sign of the backward propagation J^ 00 dt. 
will be frequently taken into account by the symbol rj p= ± = p = ± 



. . = - P° dt. 

J — OO 



(If 1. 



dt A 



dt. 



dt A 



dt. 



(2.23) 



/OO 
dt p r) p 
-OO 
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The corresponding coherent state path integral Z[J",j^,,j^] for the Hamiltonian (|2.2[) is given by relation 
(|2.24[) where the even matrix fields CLxL(x,tp), fsxs(x,t p ) and odd matrix fields flLxs(%,tp), rjsxL(x,t p ) 
correspond to the operator matrices c^lxl, fs,Sxs and Vs,LxSi Vs Sxl defined in relations (|2.5M2.8p [48, 

ss],[in]-[i7] 



Z[J,U>UtI>] = J dbPzAtp)} ex pj - ^^^pEE^.^p) H p {x,t p ) r/>af,a(ip) 
x expJ - - / dtpJ^JZ^'A^ ^,a(*y) V\s'-s\ iPx^p) i'&Atp) \ 

^ JC x,x' a,j3 J 

x expj - ^ J^dt p ^2^2 ^.Jx,t p ) V>2,a(* P ) U; a (x,t p fjj 



x exp • 



i 

2h 



c 



dt n 'S^ str 



Jb ( x j tp) ir) { x i tp) 



-j^,(x,tp) -jf(x,t p ) I \ fj(x,t p ) f(x,t p ) 



C(x,t p ) T) T {x,t p ) 



c+(x,t p ) i]+(x,tp) \ ( jb(x,t p ) -jT(x,t p ) 
rj*(x,t p ) f + (x,t p ) J \ j n (x,t p ) -jf(x,t p ) 



exp ~ k / < } ^EE*^) ^v^fM?) 



(2.24) 



H p (x : tp) = —E p —i£ p + h(x) = —ih— i e p + h - /i . (2.25) 

(J Lip — III 

A nonhcrmitian infinitesimal part — ^ e p = — i (±e), (p = ±; £ > 0) on the time contour has to be 
added to H p (x,t p ) (|2.25p for the analytic and convergence properties of Green functions, derived from the 
coherent state path integral (|2.24p . Apart from the one-particle part Hp(x,t p ) (|2.25[) and the common 
potential V|j<_j| for bosons and fcrmions, the source field j^; Q (^, t) (|2.4|2.2p and source matrix j^p,p- a f3(x, t) 
(|2.9H2.12l2.2p are included in Z[J , j^, jipip] (|2.24p for a spontaneous symmetry breaking to a coherent 
condensate wave function (tpx,a(tp)} and anomalous terms (tpx,/3(tp) "0x,q(^p))- O ne can also take deriva- 
tives of Z[S, j^, j^j/i] (|2.24p with respect to the sources j^. a (x,t p ) and j^. a p{x,t p ), including a depen- 
dence on the p = ± branch of the time contour. The wave function {ipg,a(tp)} and pair condensates 
(ips,/3{tp) ips,a(tp)) are considered with a possible spontaneous symmetry breaking caused by the 'con- 
densate seeds' j^ :Q (a;, t±) — j^,- ta {x,i) (|2.26p and 3^; a p{S,t±) = jt(,^-ai3(x,t) (|2.27p where the sources 
j^,. a (x,t p ) and j^- a p(x,t p ) are set to equivalent values on the two time branches with J = 

jip;a(x,tp) '■= jip-.a{x,t) ; 'condensate seed' for (ipg,a(t p )) (2.26) 
Ui>;al3(x,t p ) := j^- a p{x,t) ; 'condensate seed' for {%^{t p ) tpg >a (t p )) . (2.27) 

A source term J'gf'g.g a (t p 2 J; tp 1 ^) is also inserted in (|2.24p in order to allow for the generation of anomalous 
terms (ipg ia (t p ) ipx' ,p{tp)) by a single differentiation with respect to J. However, this necessitates the 
doubling of the supervector ips,a(tp) — {bs(tp) <^x{tp)) T on the time contour with its complex conjugate 
a(tp) = (pg(t p ) ; ct%{tp)) ■ The vectors ips,a(tp) and "4>~ a {t p ) are combined into the supervector 
f!'" X ^ 2 \tp) (with capital '5'') where the index a = 1 refers to ips.aitp) and the index a = 2 to the complex 
conjugate field ipg a (t p )- Therefore, we obtain a supervector tyi a (t p ) which consists of a commuting part 
bg{tp), the anti-commuting part dg{t p ) for the fermions, and again the complex conjugate of the commuting 
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variables b* s (t p ), finally followed by the complex conjugated Grassmann numbers o*g(t p ) 

T 



x,a> V V) 



b S (t P ) , a s (t p ) ; b* s (t p ) , a* s (t p ) 



(2.28) 



a=l 



According to this definition (J2728J) , the bosonic and fermionic parts alternate in the supervector ^ a g ~ 1 ^ 2 ^ (t p ). 
A different order is preferred in section 13.11 where the doubled supervector ()2.28f> is divided into a purely 
bosonic part, with its first two block components bg(t p ) , bg(t p ), and a consecutively purely fermionic part 
ag(t p ) , a*g{t p ). This allows to perform symmetry considerations and to identify the invariant super-group 
of the coherent state path integral with the doubled supervector ^% a {t p ). The nonlocal order parameter 

p(tp) (|2.29[) . also comprising the anomalous terms (ipg tCt {tp) ipx',p(t P )) m the non-diagonal parts, 

has a matrix form which follows from the dyadic product of the doubled supervector ^fg^^itp) (]2 . 28[) 



® (i>g>,p(t P ) ; i>x>Atp, 



(2.29) 



^x 2 a;x',[i^p) 
X,<x,x ,p 



(tp) 



A doubling of the angular momentum space has also to be considered because of the source matrix 
jipip;af3{x,t) (|2.9H2.12l2.2p which causes the spontaneous symmetry breaking to the Goldstone modes for 
the molecular and BCS condensates. The complete order parameter consists of four super-matrices $ n , 
<t 22 , <t 12 , $ 21 so that the complete boson-boson and fermion-fermion blocks are distributed on these four 
matrices by convention. The order parameter (|2.29[) is invariant under super-unitary transformations in 
angular momentum space which does not alter the block structure into densities $ n , $ 22 and pair con- 
densates <J> 12 , $ 21 . The order parameter &g a .gi p(tp) (|2.29p also allows a global mixed form of compact 
and hyperbolic super-symmetry transformations which combines densities $ n , $ 22 and pair condensates 
$ 12 j $21 A complete super-symmetry group of the path integral is spontaneously broken by the unitary 
subgroup for the invariance of the densities and the source term. This symmetry breaking leads to a non- 
linear sigma model after a gradient expansion for the anomalous terms. Note the form of the super-matrix 
(t p ) which consists of the four block super-matrices ^ a; gr p{t p ) , ®x? a; g> t @{t p ) and $g 2 a .g> t p(t p ) , 
(t p ) so that the super-transposition, super-trace and hermitian conjugation of N\ , N2 in relations 
T312.18I) have to be generalized with Eqs. (| 2. 3 OH 2.33?)) 



x,a.;x ,p 



ST 



STR 

a,a;6,/3 



ap 



$ 12 

ap 
$22 

ap 



str 

a,/3 



a/3 



ST 



str 

a,/3 



4> 



a/3 



m— +Z 

/ . mm 
m= — i 



r— +s 



m— 



r— -\-s 



m= — l 



(2.30) 



- E + E *™ - E ( 2 - 31 ) 



ap 

<I 2 1 

ap 



$ 12 

ap 
$22 

ap 



(^) + 



(2.32) 



One has to apply the super-trace 'STR' (f2"3Tj) instead of 'str' ((2~T5)) in 'sdet' ([2~T5)l for the 'Nambu'-doubled 
order parameter $^ \ (|2.29[) in order to obtain the analogous doubled super- determinant 'SDET($°^)' with 

the exponential super-trace-logarithm relation SDET($^) = exp{ STR ln$°^}. 

a,a;t>,/3 



7 The dependences on the vectors x, x' and on the time t p are omitted for the display of the structure of but are also 

involved in the super-transposition and the hermitian conjugation of 3> in the case of a nonlocal spatial dependence. 
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2.2 Hubbard-Stratonovich transformation to a super-symmetric self-energy 



The interaction with four super-fields and the short-ranged two body potential (|2.2p has to be transformed 
to a relation which is similar to the order parameter §~ b a . s , a{t p ) (12.29|) . The density term ipi a (t P ) i>x,a(t p ) 
can be changed to the 'Nambu'-doubled super-field a (tp) by doubling the product tpg a (t p ) ^p3. a {t P ) in 
reversed order where a minus sign has to be taken into account for the fermionic fields ctg(t p ) • ctg(t p ) —> 

-a%(tp) ■ at(t p ) 

ip± a (t p ) Vte, a (*p) = bt{t p ) ■ b 3 {t p ) + at (t p ) ■ a s {t p ) = (2.33) 
= \ y>t(tp) ■ bg(t P ) + at{t p ) ■ d s (t p ) + b?(t p ) ■ b* s (t p ) - a%{t p ) ■ a* s (t p ) 

= \ (W.afe) • M* P ) + TplM k aa r s , a (t p ?j = i *%+ a (t p ) K *l a (t p ) . 

The resulting scalar product \^g a a {t P ) K ^g a (t p ) contains a diagonal matrix K2NX2N (|2.34p as a metric 
which is defined in the alternating form of a boson-boson 'BB' and fermion-fermion 'FF' block by the 
relation 

&2NX2N = | JlxL ; }sxS^ i } L *L , ~ lsxS | = { IjVxjV i ^jVxW } (2.34) 
BB FF BB FF o=l a=2 

knxn = |iLxL,-lsxs| , (2.35) 



where the diagonal submatrix katxjv (|2.35p has been separated as the metric for the complex valued 
part ipg a {t p ) in ^g^(t p ). Using the metric K 2 nx2N (|2.34p . the quartic interaction of the super-fields 
ipx,a(t P ) with potential V\g/_gi can be converted by dyadic products to the 'Nambu'-doubled density matrix 
Rfa-x' s(*p) in a super-trace relation with 'STR' (|2~3T|) 



EE^'./S^p) ^t,a^p) V \SS'\ ^S,a tpS',0 = 
x,x f a, /3 



(2.36) 



si?, of' OL,{3,b 



V\x-x'\ — 



-V STR 

4 f-J a,o;6,j9 



V\S-x'\ 



The density matrix R~ b a . s , p(t p ) (|2.37|) is similar to the order parameter $^ b a .j/ ^(tp) (j2.29p . Furthermore, 
the matrices -B,c, -F, / and Grassmann related matrix fields Xj?7 m Rg b a g< s(*p) Q2.38P can be assigned 
to the various combinations of dyadic products of fields . The 2N x 2N matrix and order parameter R 
(f237|) consists of two (N = L + S) x (N = L + S) density block super-matrices R 11 , R 22 (f5739]> . as the 
described super-matrix N (|2. 14112. 18")) . and the two (N = L + S) x (N = L + S) super-matrices R 12 , R 21 
(|2.40p for the anomalous terms as a molecular and BCS-like condensate. Note the splitted distribution of 
the boson-boson and fermion-fermion blocks according to the dyadic product of the doubled supervector 
fields ^% a (t p ) into the matrices -Bz, x l, Blxl ano - clxl, Clxz for the bosonic part, and the even matrices 



14 



2 COHERENT STATE PATH INTEGRAL AND SUPER-MATRICES 



FsxSi ~~Fsxs w ith the anomalous parts fsxs, fsxs ^ or the fermion-fermion part, respectively 

Ft,2Nx2N — 



pll 

n (L+S)x(L+S) 



n21 

rl (L+S)x(L+S) 



pl2 

n (L+S)x(L+S) 



u22 

rL (L+S)x(L+S) 




CLxL f xS 
VSxL fsxS 



VSxL fsxS 



B LxL 
XsxL 



~T 

XhxS 

-F T 

r SxS 



12 



22 



BlxL 
XSxL 

CLxL 

VSxl 



XlxS 

Fsxs 

VLxS 



SxS 



B LxL 
XsxL 

c LxL 
rfsxL 



~T 

XlxS 
r SxS 

vixs 

fsxS 



(2.37) 

(2.38) 

(2.39) 
(2.40) 



The commuting hermitian matrix Blxl (|2.4ip in R\j^ M , R 22 



NxN' ±L NxN is related to density terms of 

the bosons, and the even hermitian matrix Fn x n f|2.43[l in the fermion-fermion block corresponds to 
density terms of fermions. There are also anti-commuting density terms XSxL (|2.42p which result from the 
combination of bosons and complex conjugated Grassmann fields. The complex symmetric matrix clxl 
(|2.44[) in R]$ xN , Rn xN (|2.40p is composed of bilinear fields bs, m (tp) bg> in (t p ) as anomalous terms for the 
molecular condensate. In analogy one has the antisymmetric matrix fsxs (I2.46P in Rj^ xN , Rj} x ^ for the 
anomalous combination of two fermion fields for a BCS-condensate. An anti-commuting anomalous term 
VSxL (|2.45j) is also obtained from the coupling between a bosonic bs, m (tp) and fcrmionic field as, r (t p ) 



B x,x';L> 


<i(*p) = 


\bx,m{tp) ® 


6*-, 


n(t P )} 


B LxL = 


'■ B LxL 






(2.41) 


Xg,x';L> 




\bx,m(tp) ® 


* 


,r'(t P )} 




<L\tp) = 


{asAh) ® b *s> 


,n(tp)} 


(2.42) 


Fs,S' ;S~> 


<s(t P ) = 


{as,r(t P ) ® 


* 

"a? 


y(t P )} 


F + - 

r SxS ~ 


; Fsxs 






(2.43) 


Cx,x' ;L> 


<i(*p) = 


\bx,m{tp) ® 




n(tp)} 


c LxL — 


CLxL 






(2.44) 


%,x';L> 


<s(tp) = 


\bx,m{tp) ® 


as 


,r' (tp)} 


1]x,x';S> 


(L(tp) = 


{as,r(t P ) <& b s > 


n(tp)} 


(2.45) 


fx,S'\S> 


<s(t P ) = 


{as Ah) ® 


as> 


,r' (tp)} 


flxS = 


—fsxS 






(2.46) 



The symmetries of the entries in the order parameter Rg b a .gi g(tp) (|2.37H2.40|) have to be maintained in the 
self-energy matrix £~ a .,g/ g(t p ) f° r a Hubbard-Stratonovich transformation (HST) of the interaction with 
the four super-fields and the potential V|2'_2| . We introduce the nonlocal self-energy £5 a . s , 3 (t p ) (|2.47l2.48p 
with analogous matrix elements as in Rg b a . S r g(t p ) (I2.37H2.4U]) 0. The matrix elements in S^.^, g (t p ) 



(|2.47|2.48p are not composed of dyadic products as the entries in Rg b a . s , g(tp), but contain the same 

symmetry relations (|2.5ip between the entries as in (I2.4HI2.4dT) for Ri b a . s , p(t p ). Apart from the analogous 

density terms tl] a . s , (t P ) , £f, a;3/ ,g(t P ) there are the anomalous terms tl 2 a . 3 , p (t p ) and tf a . si fs {t p ) 

()2.50p for the molecular and BCS condensates 



- J 2Nx2N 



Zj {L+S)x(L + S) Zj {L+S)x(L + S) 
fi21 v22 
Zj {L+S)x(L + S) Zj (L+S)x(L + S) 



(2.47) 



8 The spatial vectors x, x' and the time dependence t p of R^ b a .gi g(fp) I|2.37I2.40| I have been omitted in B, c, F, f and Xi 
X+, rj, rj + in order to concentrate onto the 'Nambu'-doubling (a, b = 1,2) for spontaneous symmetry breaking and the angular 
momentum space with indices (a, ft = —I, . . . , +1; —s, . . . , +s). 

9 The matrix elements of £!| a .0 g(tp) are marked without a tilde ' ' in correspondence to K'^.j, p(tp)- 
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^g,a;x',p(^p) 



^x\a;x' ,p(^p) 



Bt xL 



B L xL XlxS 
XSxL F S xL 

'ix L ^LxS 
V*SxL fsxS 

BlxL xl xS 
XSxL F,SxS 

CLxL VlxS 
VSxL fsxS 

■ Bl x l ; 
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CLxL Vl xs 
VSxL fsxS 



12 



B LxL 
XSxL 

\22 



-T 

XlxS 



F+ 



SxS 



FsxS 



-Fix 


s) 


(t P ) = 


( Kx 

\ X* S x 


(t P ) = 


f 5" 

V 'Jsx 


r T 

c LxL 


= CLxL 



'T 

XlxS 

— ffT 

r SxS 



ft 



(2.48) 



(2.49) 



SxS 
T 

SxS 



(2.50) 
-fsxs ■ (2.51) 



The Hubbard-Stratonovich transformation exchanges the quartic interaction of fields ips,a(tp) with a super- 
trace relation (|2.52[) of the matrices Ri b a . s , p(t p ) and t,i b a . s , f 3 (t p ) 



exp 



i 

~ n 

exp 



dt. 



x,a;x' ,/3 



iPs',p(tp) ^,a(*p) ipxAtp) fa'Atp) r = 



(2.52) 



— y rftp^^i STR 

^ x.x' 



d[t(t p )} exp — / dt 



4ft 



, l 



K Bs b a -x'.j3(tp) K Rff \p.£ ta (tp) 



STR 



x exp 



, dt p S" STR 

2ft ./c rtf a,a;b,P 



P £rf, V\x-x'\ a,a;b,0 



The quartic interaction in (|2.24p is substituted with the HST transformation (|2.52|) and the self-energy (|2.471 
I2.5ip so that the generating function Z[J, j^, j^] (|2.24p is converted into a path integral of ^g b a . s , p{tp) 
and a bilinear relation of the doubled supervector &% a (t p )- A similar doubling of the one-particle part as 
for the quartic interaction (|2.33|) leads to an exchange of the field tpx y a{tp) with its complex valued part 
ipt, p(t p ). In order to retain the same value as the original one-particle part, one has to take the transpose 

Hp(£,t p ) of the one-particle operator ()2.25|2.3[) and has to include an additional minus for the exchange 
of the fermionic fields which is considered with the metric knxn (12.3512.341) 



x Ct x a 

H p (x,t p ) 



(2.53) 



EE E 



a a, 6=1, 2 



Hp(x,t p ) k 



ha 



The application of the HST relation (|2.52p and the doubled one-particle part (|2.53p results in a coherent 
state path integral Z[j~, J^, (12.54p with a bilinear relation of the doubled supervector field ^% a (t p )- 
The fields a (t p ) are coupled with the doubled one-particle part a i^ q ,t p ) (|2.55l2.53p . the anoma- 

x,t p ) and the self-energy S| P^g, a(t p ) (I2.47M2.5T1) . The common interaction 



lous source matrix J^. a a 

term between bosons and fermions with potential Vj#_#/i is transformed to the super-trace relation with 
the quadratic nonlocal self-energy (|2.48[) and the metric K 2 nx2N = (ljvxjv; kjvxAt) ()2.34l2.35p ^ 



Z[J, Jip, J^] — I d[S(t P )] exp 



dt p J2 



. r STR 

4fi J c t"^ V\S-x'\ a,ot;b,P 



^ a s b a , s ,Atp) K ^ b S^ S Jt p )K } (2.54) 



10 The parameter M x = (L/Ax) d denotes the total number of spatial points of the underlying grid, following from discrete 
spatial points. 
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ti ba 1+' f \fc J. ^ji.x^q-.tp) 

n x' ,/3;x,a\ l qi l p) JX 1 ' 







ba 



+ 5 P , q V P 5{t p - t' q ) 



x exp 



i 

2ft 



'H-x' ,0;x,a(tq' tp) 

Hp (x, tp) 
-ffp (x,tp) 



dmg(n\}^ s Jt' q ,tp) ; Wf^JVp)) = (2.55) 
<5 P ,g %, <5(i p - ^) diag (^H p (x,t p ) l NxN ; H^(x,t p ) ijvxjv) 



P 



1 £ P + o 1" _ <"0 



2 m 
*2 



.9 p' 



2m 



(2.56) 
(2.57) 



In the case of a Fourier transformation from time t p to frequency u) p , the transposed time derivative 
(—ihd/dtp) T = +ihd/dtp'mH p r (x,t p ) (|2.57I2.55[) acts on the complex conjugated fields ^g^(t p ) = a {t p ) 

so that the same sign of the energy is obtained as in the H 11 part with ^g^}(t p ) = tps, a (t p ). Apart from 
the 'Nambu'-doubling of the one-particle part (|2.53| and the interaction (|2.33|) in (|2.54j) , the source terms 
(j2.4l2.9H2.12p for a coherent condensate wave function and the anomalous terms have also to be extended 
with the complex valued fields ipt a (t p ) so that the generating function (|2.54[) is only composed of doubled 

jf~ 1/2) {x,tp) = (^U; a (x,tp) ; j^. a (x,t p )J (2.58) 



super-fields ^ 1/2) {t p ) 



J Tl>Tl>\afi^ x i tp) 
jipip\afi (*£) t p J 



a=l a=1 

jip4>;af3(x,tp) \ 

jb-LxL(x,t p ) —jJi-Lxs( X >tp) 
j m SxL(x,t p ) -jf:Sxs(x,t p ) 

£,LxL{x,tp) =Jb;LxL{£,t p ) ', jj. SxS (x,t p ) = -Jf- SxS (x, t p ) 



(2.59) 
(2.60) 



The bilinear super-fields ^% a (t p ) are removed by integration in (|2.54j) so that the inverse square root of a 
super-determinant is obtained. Moreover, a bilinear relation with the source term J%. a (x, t p ) (|2.58[) follows 
for a possible coherent condensate wave function 



Z[J,J^,J^] = / d[^{t p )\ exp<( -L I dt p J2^— STR 



4/1 Jc frf, V\ S _ S ,\ a,a;b,f3 

X.T ! 1 1 



^S,a;x',a{tp) K ^ b xJ,l3:x,a(tp) K 



x jsDET^ 



J -ha 
/3a 



HK + „[ ,+ J 7 )+Kfj=£fjK + f)Z(t p ) 



ba > 

(tqi tp) 

x',/3;x,a . 



-1/2 



(2.61) 



11 Referring to a definition of the coherent state path integral H2.61H with discrete time variables, one has to introduce the 
frequency scale Q = 1/At of the applied interval Af for the time steps. 
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cxp | ^fi 2 dt p dt' q g jV x J+^f , 4) X 



n -1, ba 



x' ,(3;x,a 



Note that the super-determinant 'SDET' in (|2.61[) is applied to the sum of the doubled one-particle part H. K 
and the self-energy ~^2Nx2N{t p ) which has splitted boson-boson, fermion-fermion, as well as boson- fcrmion 
and fermion-boson blocks in the super-matrices 'S,]^ xN (t p ), Y, 2 ^ xN (tp) for the densities and corresponding 
anomalous parts T,]^ xN (t p ), T, 2 f$ xN (t p ). Therefore, the 'SDET' relation in (|2~oT]) generalizes the 'sdet' 
relation in (12.18P for a single super-matrix with super-trace (|2.16|) to a relation with super-trace 'STR' 
(|2.3ip for a block structure of four combined super-matrices as in <3E>°^ (12.29l2.3ip 



sdet(N a0 ) = exp { str In A> a/3 } — ► SDET($^ 

a,/3 



a/3 

exp{ STR ln$^} 

a,a;6,/3 



(2.62) 



Furthermore, a transformation of the self-energy K £(i p ) K — > £(t p ) has been performed in Z[J, J^, J^] 
(|2.61|1 so that this transformation leads to modified source terms J!$p. a p(x,t p ) 



J4np;ap(%' tp) 
jtptp;ap{x : tp) 



jiptp-al3{.X,t p ) 

jb;LxL(x,t p ) j^Lxs(x,t p ) 
jri;SxL{x,t p ) jf-,Sxs{x,t p ) 

3b-LxL{x-tp) =3b;LxL{x,t p ) jj. SxS (x,t p ) = -Jf;Sxs(x,t p ) 



(2.63) 
(2.64) 



The original coherent state path integral Z[j (|2.24|) with fields i/^s, a (t p ), tpg a {tp) has been con- 
verted to a generating function Z[J, J.0, J^] (|2.61[) with spatially nonlocal self-energy matrices in 'Nambu'- 
doubled form (|2.47H2.5"Tj) . However, the assumed short-ranged character of the interaction potential V|s_x'| 
results in strong oscillations for the term with the super-trace of the product of two self-energy matrices. 
Therefore, we suppose that the oscillating phases cancel in Z[J ", J^, J^] (|2.61|) for an exceeding interaction 
range ro of the nonlocal spatial variables of the self-energy matrix S^.x' Jt p ) 



V\x-£'\ 



for 



x | > r . 



(2.65) 



A spatially local part of the self-energy E^(af, t p ) can be separated by integration over self-energy matrix 

elements with \x — x'\ > r$ in Z[J , J^,, J^] (|2.61|) . In the remainder we neglect the coupling between the 
local and nonlocal parts in the integration over elements for \x — x'\ > ro and only retain the spatially local 
part of the self-energy in the generating function (|2.6ip 



^api^i tp) 



^aftix ,t p ) 5x,x' 

( ( B LxL (x,t p ) 

XSxl(x, t p ) 

V V Vsxl( x ^p) fsxsi^'tp) 
(x,t p ) = B LxL (x,t p ) 



X~Lxs( x i tp) 

Fsxs(x, t p ) 



B LxL* 



-LxL 



[X,t p ) = c LxL (x,t p ) 
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F, 



+ 

SxS 
■T 

SxS 



CLxL(x,t p ) VLxsi^'tp) 

VSxL(x,tp) fsxs(x,t p ) 

BLxL(x,tp) XLxs( X 'tp) 

X*SxL( x ^tp) ~F SxS (x,t Pj 

(x,t p ) = F S xs(x,t p ) 

(x,t p ) = -fsxs(x,t p ) 
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(2.66) 



(2.67) 



(2.68) 
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2 COHERENT STATE PATH INTEGRAL AND SUPER-MATRICES 



The path integral Z\J, Jy,, J^] (|2.69I2.61[) . restricted to a local self-energy E^(x,t p ) (|2.66ti2.65|) . con- 
tains the same super-unitary symmetries in the angular momentum degrees of freedom and the additional 
symmetries between densities S 11 (i p ), £ n (tp) and anomalous degrees of freedom E 12 (t p ), S 21 (i p ) as the 
generating function (|2.61|) . These symmetries are also present in the coherent state path integral (|2.54|l with 
doubled super-fields \I/ gZ 1 ^"^ {tp) and with the nonlocal self-energy. Taking into account the short-ranged 
character of the interaction potential Vjj_j/|, we finally acquire a coherent state path integral (|2.69|) with a 
local self-energy E°^(af, t p ) in 'Nambu'-doubled form. The interaction potential V|£_£'| is considered with 
an effective value Vq for the spatially local super-trace relation of quadratic self-energy matrices (Note 
the additional sign r\ v on the time contour t p (|2.70p ). 



Z[J,J^,,J^] = I d[T,(x,t p )} exp<{ — 



dt 



dt 



— STR 



PZ ^V a,a; 



t^Jx,t p )Ktf a {x,t p )K 



x exp { - - / — S-r] p \ hnjV x STR In 



a,a;b,{3 



HK + fj 



ex P | J dtp dt' q J^M x J+*,(f , t' q ) x 



HK + fj 



j^v 



*/3 

^ 

iij>iii " 



^jba 

K fj -j^- fjK + fj t(x, t p ) 



(2.69) 



J-ba 
/3a 



K fj -j-jr- fj K + f}Y±(x, t p ) 



-1; ba 

(t q ,tp) J^- a ( x itp) 

x' ,0;x,a 



V P = 



+1 for forward propagation with t+ 
— 1 for backward propagation with t_ 



(2.70) 



Apart from the quadratic interaction term with t p ) and Vq, the super-matrix M ()2.7ip determines 

the coherent state path integral (|2.69p and the observables derived from it. It is composed of the doubled 
one-particle part H K, the self-energy and the source terms J^, J . The super-matrix M (|2 . 71 [) is 
contained in a term with the quadratic source fields J^, for the condensate wave function and the 

— 1/2 

super-determinant (SDET[Af ]) which is transformed to the exponential-super-trace-logarithm relation 
as described in (|2.62|) 



jlplp;a.j3 («£, tp) 



jinp;a/3( X > *p) 



M x 



r] q K + S^(x , t p ) ?7 P (5 Pig <5(i p - t' g ) 



(2.71) 



Inserting the super-matrix (|2.71|) into (|2.69[) . the coherent state path integral takes the abbreviated form 
([2~72"|) with super-matrix (|2~7T|) 



£[,7, J^, -Aw,] = d[E(x,t p )} exp 



tt / *pV — STR 



E^tpjA-E^.tpjA- (2.72) 



x exp 



^-Tj P Yh{lAf x STR In 

ft - a,a;fc,/3 



^S,a;x> ,p(tpttq) 



exp <j ^ 2 /_ a p < ^ A4 , 



M 



-1; ba 

(t q ,tp) J,p- a {x,tp) 

x' ,{3\x,a 



12 The chosen normalization with Af x = (L/Ax) d and fi£l yields with the integration variables j c (dt p /h) rj p . 
factor 1/2 the inverse square root of the super-determinant as in l|2.61j l. 



and the 
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3 Symmetry considerations and parameters of the self-energy 

3.1 The ortho-symplectic Lie super-group in the coherent state path integral 

Apart from the bilinear source term with J% ;o ,(x,t p ) (|2.58[) . the coherent state path integral (|2.69l2.72p 
consists of the trace relation with the quadratic term of the self-energy matrix and the inverse square root 
of a super-determinant, which is obtained by integration over the bilinear fields ^% g{tp) and ^% ia (t P )- 
In order to derive effective equations for the anomalous terms, the self-energy has to be decomposed into 
density terms £*g(x, t p ), t p ) (|2. 66112. 68|) . which are related to a subgroup for spontaneous symmetry 

breaking, and the appropriate coset space which should diagonalize the self-energy with the molecular and 
BCS-terms as 'eigenvectors' in a transferred sense. However, it is sufficient to examine the bilinear relation 
*d^(*p) V P fts},0-,g, a (tp) & ^s,M (EH) for determining the symmetries in Z[J, J.^J^} (12.6912.721) 
because the dyadic products (|2.36[) and the HST transformation (|2.52[) convey the symmetries from the 



super-fields ^% a {t p ) to the matrix M~ h a . s , Jt p , t' q ) (|2.71|) and to the self-energyH^I- The one-particle energy 
term H K ([2~55]) in M§* a . s , j0 (t p , t' q ) (|27l|) contains the operator H p (x,t p ) (|3.2I2.56|) and its transpose 
Hp(x, t p ) (|3.3I2.57|) which is itself composed of the energy or time derivative —ihd/dt p and of the operator 
h p (x) (|3.4l2.3p with the kinetic energy, the trap potential u(x) and the chemical potential fiQ. The energy 
or time derivative d/dt p changes its sign under transposition (|3.2l3.3p whereas h p (x) (|3.4I2.3|) is symmetric 

H = Vp \H p [x,t p ) i LxL , Hp(x,t p ) l S xs ; Hp(x,t p ) i LxL , Hp(x,t p ) i Sx s} (3.1) 

d t _ f d \ T d 



Hp(x,t p ) = -Ep + hp(x) = -ih— + hp(x) l-j =~gf I 3 - 2 ) 

d 

H^(x,t p ) = +E p + hp{x) = +ih— + hp{x) (3.3) 

h P {x) = h u(x) - no - 1 £ P hl(x) = hp(x). (3.4) 

2m 

In consequence one has to separate the bilinear relation in (|3.5I2.54[) with TL K into a bilinear relation with 
the symmetric operator h p {x) Q3.4|) and the metric K (|3. 6[) . and a bilinear relation with —E p — —ihd/dt v 
(I3.2l3.3p . The minus sign of the transpose of the time derivative transforms the metric K (|3.6p to a metric K 
p.7p . The minus signs in the second fermion-fermion block of K (|3.6p are moved to the second boson-boson 
block in K (|3.7p in the case of the bilinear relation with — E p ~ —ihd/dt v 

n+ a (t p ) f, H K n,M = * a + a (tp) hp K Vi a (t p ) + %+ a {t p ) ( - ih-^j K *l a (t p ) (3.5) 




K2N-X.2N — \ Ilxl j ^sxs^ '1 ' r^xs j 

FF BB FF 

K-NxN — 




K2NX2N — \ ' ' ~ ^ xL ' ' ^£^3 ' 

BB FF BB FF 



13 In the case of a disordered system one has to include the contour times t p , t' q in the symmetry investigations of the 
self-energy. However, the considered self-energies have only a diagonal dependence on the contour time t p throughout this 
article, due to the absence of any disorder. 
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3 SYMMETRY CONSIDERATIONS AND PARAMETERS OF THE SELF-ENERGY 



ljVxjV ; gtxN} ! KNxN — | — Ilxl , ^_s^5 

0=1 a=2 BB FF 

The field ^§ a (tp) with its splitted boson-boson and fermion-fermion block has to be reordered into a 
supervector Q^/ - (tp) ()3.8() with a single boson-boson Qj^(t p ) = (bx{t p ) , bt(t p )) and a single fermion- 
fermion part ©f j(ip) = (cJj(tp) , cSjj(tp)) so that one can identify the invariance of the two bilinear relations 



with common super-groups 

/ bs(t P ) \ 
as{t p ) 



* a J= i/2) (t,) 

a;, a V V ' 



M{=B/F) 
x.i 



(t P ) 



e|i(* P ) 
©life) 



V <?Sv) I 



(3.8) 



the bilinear relation #±^(tp) /ip(£) # *§ a (tp) (|3~TD|) 



In terms of the new field 0^ B ^ F ^ 

of (|3.5p with one-particle operator /i p (x) ()3.4I2.3[) becomes a bilinear relation with the super-transposed 
vector e^-»/r;,o4 ^ ^ and 

a new metric L p. lip which has only the one boson-boson block metric 
G2LX2L and fermion-fermion block metric J2SX2S 

e^ iB/nsT itp) 



(bjt(tp) , bg{t p ) ; ag(t p ) , a* s {t p ) 



h p (x)KVlJt p ) 



r\M,ST 
x.i 



L 



2Nx2N — 



( Olxl 

^LxL 
\ 



^LxL 
OlxL 



(t p ) hp{x)LQg{tp) 
\ 



Osxs 

ISxS 



-1-SxS 

Osxs 



G2LX2L 02LX2S 
02SX2L J2SX2S 



(3.9) 
(3.10) 

(3.11) 



Applying the relation (|3.10p of 0j^(tp) with its super-transpose (|3.9p . one obtains an orthogonal symmetry 
SO(L,L) with the indefinite metric G2LX2L (|3.12p for the boson-boson block, and a symplectic symmetry 
metric J2SX2S of Sp(2S) (I3.13P for the fermion-fermion block 



G 



2Lx2L — 



J2Sx2S 



Olxl 

^LxL 

OsxS 
1-SxS 



IlxL 
OlxL 

-1-5x5 

Osxs 



Ilxl 

Oixi 



OlxL 

— Ilxl 



(3.12) 
(3.13) 



The analogous considerations for the bilinear relation (I3.14p of (13. 5p with the time derivative yield a metric 
L (|3.15|) for 0^(tp) which indicates a symplectic symmetry Sp(2L) with J2LX2L (|3.16|) for the boson-boson 
part and an indefinite orthogonal symmetry SO{S, S) with G2SX2S (|3.17|) for the fermion-fermion term 



(t») 



_9 



_9_ 



i e* t <(**) 



(3.14) 



2Nx2N 



( Olxl 

^LxL 

V 



— lixL 
OlxL 



Osxs 

ISxS 



1-SxS 

Osxs 



J2LX2L 02LX2S 
02SX2L G2SX2S 



(3.15) 



14 The upper capital indices 'M,N' of S^f i (t p ) specify between the single bosonic part (M,N = B) and the single fermionic 

part (M,N = F), each part doubled with its complex conjugated field. Therefore, the indices H,j' in 0^ . {tp) are 

chosen to label the doubled angular momentum degrees of freedom for the bosons (M, N = B), = 1) to = 2L) and 
for the fermions (M, N = F), from = 1) to = 2S). 
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J2LX2L — 
G2SX2S — 



LxL 


-Ux 


LxL 


Olxl 


SxS 


IsxS 


SxS 


OsxS 



^SxS 
OsxS 



OsxS 
-IsxS 



(3.16) 
(3.17) 



We compare the two bilinear relations (|3.10p and (13. 14|) containing the symmetric one-particle operator 
(13. 4p and the antisymmetric time derivative (|3.2l3.3p . respectively. The orthogonal symmetry &2Lx2L 
(j3.12p of the boson-boson block in (|3.10[) has been exchanged with the symplectic metric J2LX2L (j3.16[) in 
the boson-boson part of (13. 14j) : similarly the symplectic metric J2SX2S P-13P of the fermion-fermion block 
in (|3.10p is replaced by the orthogonal symmetry G2SX2S P-17|) in the fermion-fermion block of the bilinear 
relation (|3.14p with —E p = —ihd/dt p . The prevailing metric L ()3.11H or L (13 . 1 5[) determines the possible 
invariant transformations under corresponding super-matrices V (|3.18p or V (|3.19p for the cases with the 
one-particle energy h p (x) (|3.10|3.4p or with the time derivative — E p — —ihd/dt p (|3.14|3.2|3.3|) 



&¥.(t , 



v,f N ®Ut P ) 



for 



E„ 



-ih 



(3.18) 
(3.19) 



One has to introduce the super-generators W' ([3~2"U]) and W' ([3~2"2"]) for the definitions V ST LV = L (f3~2l]) 
and V ST LV — L (|3.23p which yield the corresponding constraints on the Lie generators W' and W' El- 
Relations 

h p (x), -E„ 



state the invariance of the bilinear terms ()3.10|3.14|) with O^ip), 9^ (t p ) and 
- -id/dt p under super-group transformations with 2N x 2N super-matrices V, V and their 
super-generators W' , W' 



h p (x) 



V = exp{i W'} 
V ST LV = L- 

V = cxp{iW'} 



V ST LV = L 



W' bI L + LW' = 



W' ST L 



LW' =0 



(3.20) 
(3.21) 

(3.22) 
(3.23) 



We assign to the generator W 2 



2Nx2N 



(|3. 2413. 2013. 2ip the even boson-boson part A-2Lx2L and the even 
fermion-fermion block D 2 s X 2Si including the odd parts (5 2 lx2S and A f2Sx2L for the boson-fermion and 
fermion-boson parts, respectively. The constraint in (|3 . 2 1 j) on the total generator W 2Nx2N (|3 . 24|> with 
metric L 2 nx2N (|3-lip gives the relations (|3.25p on the even parts A 2 lx2L and D 2 sx2S with the orthogonal 
metric G 2 lx2L (|3.12p and symplectic part with J2SX.2S (|3 . 13|) . The constraint on the odd parts fi 2 Lx2S-, 
725x2L is determined by Eq. (|3.26|) with the metrics G 2 lx2L (|3.12[) and J 2 sx2S (|3. 13|) 



^2JVx2iV 



even parts 



/ ^2ix2L 

BB 

725 x2L 

FB~ 



@2Lx2S \ 

„ BF 

D2SX2S 



FF 



A 



2Lx2L G 2 Lx2L 



G 



2Lx2L A 2 l x2 l 







(3.24) 



(3.25) 



15 The prime "' of the Lie generators W' H3, 2013. 241 1 and W' 113. 2213. 271 1 marks a separation into a single boson-boson and 
fermion-fermion part, described by the bilinear relations with Q¥ (tp) and its transpose. These primes are eliminated from 
the generators in relations after Eq. 3 - 36f t because we refer again to splitted boson-boson, fermion-fermion, boson-fermion 
and fermion-boson parts or four combined N X N super-matrices Wii, and W12, W21 as in the original given order 

parameter I|2.29I2.32| I with a, b = 1, 2. 
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odd parts 



^2Sx2S J2SX2S + -hsx2S D 2S x2S — 
02SX2L (-*2Lx2L = ^2Sx25 72Sx2L • 



(3.26) 



The corresponding relations for the complete super-matrix W 2Nx2N (13. 2713. 2213. 23[) separate into the even 
boson-boson block ^42Lx2L and even fermion-fermion block D2SX2S (j3-28p . and the Grassmann parts 
/?2Lx2S, 72Sx2L in the boson-fermion and fermion-boson sections ()3.29p . The even parts with A 2 lx2L 
and D 2 sx2S have to fulfill relations (|3.28p with metric J 2 lx2L (13. 16[) and G 2 sx2S l|3.17|> in the boson-boson 
and fermion-fermion parts, respectively. One has to exchange the orthogonal with the symplectic metric 
in (|3.26|) in order to obtain the corresponding constraint (|3.29|1 on the odd matrices P 2 lx2S, l2Sx2L with 
metric J 2L x2L (|3. 16[1 and G 2S x2S (|3.17|1 



W, 



2Nx2N 




(3.27) 



even parts 



odd parts 



A.-, 



2Lx2L J2Lx2L "t" J 2 Lx2L S±2Lx2L 



■h 



Ao 



= 



D 2 Sx2S G 2 Sx2S + G 2 Sx2S D 2 Sx2S — 



2SX2L J 2Lx2L 



= G 



2Sx2S 12SX2L 



(3.28) 
(3.29) 



We construct explicit representations (|3.3f |3.34jl for the super-generators W 2Nx2N (|3.24p and W 2Nx2N 
(|3.27p by taking into account the constraints (|3.25I3.26[) and (|3.28I3.29[) . respectively. The sub-matrices 
Bd.lxl, Fb.lxl and cd.lxl, Jd,SxS of W 2Nx2N (|3.3ip contain only even complex elements with symmetry 
restrictions (|3.32|) whereas the matrices of the boson-fermion and fermion-boson parts, denoted by greek 
symbols and their dimensions, are only composed of anti-commuting variables. Similar meaning have 



the corresponding even partial matrices B 



D,LxL, 



Fd,SxS and c D x xL , f_ 



D,SxS 



of W; 



2Nx2N 



even matrices of W 2Nx2N (j3.34p are distinguished by a tilde ' 



(13341 . These 
from the even parts in W 2Nx2N (|3-3ip . 
Apart from partially differing signs, the odd parts of W 2Nx2N (I3.34p are ordered in an analogous manner 
as the anti-commuting variables in W 2Nx2N (|3.3ip . One has also to consider for the representation of 



vv 2Nx2N 



(I3.24I3.31P and W^ Nx2N (l3.27l3.34P that the fields bg(t p ) and a s {t p ) in Q^- B,F) {t p ) of the 
bilinear relations (j3.3QI3.33f) are doubled with their complex conjugates b%(t p ) and at(t p ); accordingly the 
hcrmitian conjugates of the even and odd partial matrices (, as e.g. Bd,lxl, Fd,lxL> cd.lxl, Jd,SxS and 
Xd.Sxl, Vd,sxl in W 2Nx2Nl ) have also to appear in either representation (I3.31l3.34p 



x.i 



/ A x MM' ,ST „ 

(t p ) (exp{zFy'}) I " 



Y-, N ' (exp{z#'} 



N'N 



J'J 



(3.30) 



/ Bd,l> 


:L 


CD,Lx 


L 


Xd,lxs 


Vd,LxS 




r + 


L 


~ B D,L 


XL 


Vp,LxS 


Xp,LxS 




XD,Sx 


L 


VD,Sx 


L 


Fd,SxS 


fD,SxS 




V ~%,s 


XL 


~X D ,s 


xL 


-f+ 

JD,SxS 


-F T 1 

r D,SxS / 




Bd,LxL 




B D,L> 


L 


CD,L» 


L — c D,LxL 


Fd,SxS 




F + 

r D,Sx 


S 


fD,S> 


fT 

s — Jd,s> 


<s 



(3.31) 



(3.32) 
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-ih 



Bt-n 



f) M > ST 

x,i 



{t p ) (exp{ 



MM', ST _ , 

iW'}\ L x 



/ / ~ \N'N 

(exp{iW'}) _ G$ tj (t p ) (3.33) 



j'j 



Wf, 



2Nx2N 



( Bd,l> 


;L 


—CD,Lx 


L 


X-D,LxS 


~T 

Vd.Lx 


S \ 


L D,Lx 


L 


~ B D,L> 


<L 


r lp,LxS 


~T 

Xp,Lx 


s 


XD,Sx 


L 


-f}D,Sy 


L 


Fd,SxS 


Jd,Sx 


s 




L 


~Xd,s> 


:L 


f+ 

JD,SxS 


-F T 


xS 1 
















Bd,LxL 




Bd.l 


kL 


Cd,L 


<L = 




Fd,SxS 




F + 


(.S 


Jd.s 


<S = 


-I 



(3.34) 



(3.35) 



The block matrix entries in W f|3 . 3 1|) and W (I3.34p have been labelled under consideration of the anal- 
ogous block matrices in the self-energy Yi^{x,t p ) (|2.67I2.68[) . Therefore, Bo, Bry and Fry, Fd and their 
transposed forms in W' (f33T|) and W ([3^34]) are related to the density terms B LxL , Bl xL and F SxS , 
—Fg xS in the self-energy matrix Srg(a?, t p ) ()2.67[) with equivalent symmetries under hermitian conjugation 
(|2.68|3.32|3.35p . A similar relationship is given between the fermionic density terms xd, Xd m " P-31j) 
and Xd, Xd m W' (|3.34p and the density terms xsxl, XlxS °f tne self-energy ()2.67|2.68p . The anomalous 
terms Cd, }d and cd, /d in W' (13.31)) and W (|3.34[) are assigned to the molecular condensate terms cl x l 
and the BCS-terms fsxS in ^q^(^, *p) (|2-67I2.68|I . However, in the case of the generator W 7 (|3.3ip for 
the operator h p (x) (|3.1QI3.4p . one has an antisymmetric relation in the molecular condensate = — C£> 
p.32p and a symmetric BCS-term = fry (|3.32p instead of a symmetric molecular condensate matrix 
c T — c and instead of an antisymmetric fermion condensate matrix f T = — f as in the self-energy E°^(i?, t p ) 
(|2.67l2.68p . But in the case of the bilinear expression (|3.33p with the time derivative for the generator W 
()3.34p . the same symmetries Q3.35P for the pair condensates cd = Cr> an< ^ fo = ~~ fry appear as in the 
corresponding parts c = c T and / = — f T of Y^Jx*, t p ) (|2.67l2.68p . Obviously the generator W' (|3.31[) 

for the bilinear relation (|3.1QI3.30p of $5 „(t p ) with one-particle operator /i p (af) has a different number 
of parameters as independent degrees of freedom in the selfenegy matrix (|2.67l2.68p ; but in consequence 
of identical symmetries (13.3512. 68p in the anomalous parts of W (I3.34p and the self-energy (|2.67l2.68p . 
the number of independent fields in W' (|3.34p exactly equals that in T.'^Jx, t p ) (|2.67|2.68p . including the 
separation into the boson-boson, fermion-fermion and odd block matrices. 

By exchanging second and third block rows and columns of W' (|3.31|) and W (|3.34p . one returns to 
the hermitian bilinear relations (|3.5|3.40p of a (tp) with metric K (|3.37p for the corresponding hermitian 

generator W (|3.36|) (marked without a prime " ' " ). The analogous exchanges of rows and columns in 
(|3.34p result in the related hermitian form of the super-generator W (|3.4ip (also marked without a prime 
"' ) with metric K (|3.42p . Applying the exponential to the generators W (|3.36|) and W ()3.4ip . one finds 
the elements of the ortho-symplectic super-groups in the matrices T p.39p and T (|3.44p which leave the 
corresponding hermitian bilinear relations (|3.40|3.45p with metric K and K invariant |25j-|34j 



W ab a 

cy.fi 



K 



2Nx2N — 



( 



Bd.LxL Xd.LxS 
XD,SxL Frj,SxS 

<•+ f.+ 

'Id.lxs 



c 



DXxL 
~Vd,SxL 



/d.SxS 



li 



IlxL i ISxS ; IlxL , — l-SxS 

BB FF BB FF 



CDXxL Vd.LxS 

VD,SxL Jd : SxS 

dT -T 

n D,LxL Xd,LxS 



12 



~Xd,SxL 



~ r D,SxS 



\ 



(3.36) 



(3.37) 
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K W -W + K = 



W 



22, st 



NxN 



= -W, 



NxN 



(3.38) 



rpab 



(«p{»^>}); 



b 

a/3 



(3.39) 
(3.40) 



K> 



2Nx2N 



BdXxL Xp,LxS 
XD,SxL Fd,SxS 

'ID.LxS 



-D,LxL 



Vd.SxL fD,SxS 
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K W 



-CD,LxL Vp,LxS 
-T]D,SxL Jd,SxS 



~ n D,LxL 
~Xd,SxL 



NxN 



= -W. 



NxN 



~T 

Xd,LxS 

— P T 

r D,SxS 
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(3.41) 



(3.42) 



(3.43) 



rpab 
1 a(3 







(exp{tW2#}) 



a/3 



=K 



The matrix (|3.36|1 . consisting of the four block super-matrices W N \ N , 



W 22 

vv NxN 



(3.44) 
(3.45) 



and W N 2 xN , 



W 21 

yv NxNi 



IS 



classified as the generator of the ortho-symplectic super-group Osp(L, L\2S) with the even part SO(L, L) © 
Sp(2S) for the boson-boson and fermion-fermion section with 2L 2 — L and 2S 2 + S real variables |25|-[34]. 
The odd part is the (2L, 2S) representation of the even part and contains ALS independent Grassmann 
variables so that the total dimension of W£p is given by 2(L+S) 2 — L+S. However, the super-generator 

(|3.4ip with the four sub-super-matrices W^ xN , W^ xN , W N 2 xN , Wff xN is assigned to the ortho-symplectic 
super-group Osp(S, S\2L) with the even part Sp(2L) © SO(S, S) for the boson-boson and fermion-fermion 
sections, respectively. Since the orthogonal and symplectic symmetry have been exchanged with regard to 
W£p (|3.36|) or Osp(L, L\2S), the number of independent real even variables amounts to 2L 2 +L in the boson- 
boson part with Sp{2L) symmetry and to 2S 2 — S in the fermion-fermion block with SO(S, S) symmetry of 
the super-group Osp(S, S\2L). The number of odd variables of Osp(S, S\2L) is not effected by the exchange 
of the orthogonal with the symplectic metric in the even partand has also ASL independent anti-commuting 
variables so that the total dimension of Osp(S, S\2L) with W£% (|3ld|) is given by 2(S + L) 2 - S + L. The 



11 W 11 

NxN> vy NxN 



of W®g and W£g with their transposed 



density terms, represented by the block matrices W i 
parts W"n xN , W n 2 xN , are equivalent to the generators of the super-unitary group U(L\S) where the doubled 

density parts Wjf xNl Wjq xN are the anti-unitary realizations of the '11' blocks W^xN' ^nxn °f ^(^l*^) 
50J . This has to be taken into account in the gradient expansion of the Goldstone modes in a SSB 
(see section |4] with subsections) . The density terms of W£p (13.36|) and (|3.41|) have identical form 

in both cases, Osp(L,L\2S) for and Osp{S,S\2L) for W$. The super-unitary group U(L\S) for 

the density terms is a subgroup in both ortho-symplectic symmetry cases and determines with its L + S 
diagonal elements of W 11 , W 11 (and their transposes W 22 , W 22 ) the rank N = L + S of the complete 
ortho-symplectic super-groups with W^p (|3.36| and W£a (|3.41| . 

Comparing the super-generator W£g (|3.4ip of Osp(S, S\2L) with the self-energy matrix T^Jx,tp) 
(|2.67|2.68p . one identifies the super-matrix S°^(x, t p ) K (, the self-energy multiplied with the correspond- 
ing metric K (13.42jh ) as a super-generator of Osp(S, S\2L). Therefore, the action of the coherent state 
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path integral (|2.69p consists of the supermanifold in the group Osp(S, S\2L), represented by the self-energy 
5j27Vx 2JV K. However, the transformations, which have different degrees of freedom as the self-energy 
^2Nx2N, but leave the coherent state path integral (|2.69p invariant, are obtained by the super-generator 
W^ b p (I3.36P of Osp(L, L\2S). The symmetry breaking term with the time derivative or energy can be ne- 
glected in this case because slowly varying fields with respect to the reference energy /iq are only considered 
for the anomalous terms. One has to distinguish between the group manifold (|3.41I3.44|1 Osp(S, S\2L) of 
the self-energy matrix and the transformations (|3.36I3.39[) Osp(L, L\2S) which do not alter the form of 
Z[J, J^, J^] (|2"1)9"]) . The group manifold Osp(S, S\2L) (|3.41l3.44p of £ 2 jVx2JV K differs from the invariant 
transformations Osp(L, L\2S) (|3.36l3.39p of Z[J , J^, J^] (|2.69p by the exchange of the symplectic sym- 
metry with JiLy.2L (|3.16p in the boson-boson block of with the orthogonal symmetry G*2Lx2L (|3-12p 
in Osp(L, L\2S). Similarly, the orthogonal symmetry with metric G 2 sx2S (|3-17p in the manifold of the 
fcrmion-fcrmion block of £2^x2^ K (|2.67I2.68|) is changed to the symplectic symmetry J2SX2S (|3 . 1 3|) in 
the invariant transformations Osp(L, L\2S) of Z[J, J^, J^] (|2.69p . 

In order to separate the anomalous terms from the densities in a kind of 'diagonalization', the subgroup 
and coset space have to be determined for the spontaneous symmetry breaking. One can diagonalize the 
self-energy matrix (|3.46p with the coset matrix T Y ()3.47|3.48p for the anomalous terms in the manifold 
of Osp(S, S\2L) and with the block diagonal density matrix T>d-,2Nx2N (|3.49H3.5Tj) so that the subgroup 
U(L\S) remains for the manifold of the background fields or ground state in a SSB F^l 



Ty (X. tp) 

X a ff(x, t p ) 



E 11 
E 22 



D;ap(^i tp) 
D;ap{ X l t p ) 



To E 



D:2Nx2N 



T1 



ah 

a/3 



T7 KT^=K 



Y 



exp{iY(x,t p )} Y${x,t p ) 



K Xa/3(x> t p ) 



X a p(x, t p ) 




-CD;Lxl(x, t p 
'VD;Sxl(x, tp 



^D:L> 



~A x i tp) 



pi 

^]D;af3( X 'tp 



Vd-,Lxs(x> tp) 
fD:Sxs(x,t p ) 

CD;LxL(x,tp) f 



J D\a^i tp) 



T 

D;SxS 



(x,t p ) = -fD-Sxs(x,t p ) 



2 d-nxn{x, tp 



Bd-,lxl(x, tp) 

XD;SxL{x,t p ) 
"D-.LxL^ 1 : ' tp) 

X*d-,Sxl(x, tp) 



— ~^D-NxN 

XD;Lxs(^'t p ) \ 
FD;Sxs(x,t p ) J 

Xp-Lxsi^' tp) 
~ Fd:SxS$' tp) 



{x, tp) 



a b 



(3.46) 
(3.47) 
(3.48) 

(3.49) 

(3.50) 
(3.51) 



However, this form of the self-energy 



with the equivalent degrees of freedom as E2_/vx2JV K 
in 'flat' coordinates does not diagonalize the quadratic interaction term STR[E2at X 2./v K ~^2Nx2N K] in 
Z[ J : J^p, Ji/n/)] (|2.69p to the density terms J^]j. NxN , Y.j^. NxN (l3.49H3.5Tj) because of the contained metric K 



(|3~77]) instead of the required metric K (|3.42|3.46p 



STR 



Ty(x,t p ) T, L ^. al3 (x,tp) Tf(x,t p ) K Ty(x,t p ) I] c j :) ° a , j3 ,(x,tp) Tf(x,t p ) K 



(3.52) 



± STR 



^D;a/3(®>tp) K T l ^.j ja {x.tp) K 



16 Compare the matrix elements and symmetries of t p ) K I|2.67I2.68|I with the generator Wf£k l|3,41|l of Osp(S, S\2L). 
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KY$(x,t p )~Y^ ab K^O . (3.53) 

The chosen form of tf (x,t p ) = (f y t D-2Nx2N ^>) Q/ 3 P-46ft does not decouple the anomalous degrees 

of freedom from the density terms because the invariant transformations Osp(L, L\2S) with W^g (|3.36ft of 

Z[J, J^, J^] f2~M\ are different from the group manifold Osp(S, S\2L) of the self-energy (as (|3~lTj) ). 
Consequently one has to change the original coherent state path integral of the fields ips,a(t p ) with a 
different Hubbard Stratonovich transformation of the interaction term so that the group manifold of the 
self-energy also allows invariant transformations in the coherent state path integral. 



3.2 Coset construction Osp(S, S\2L)\U(L\S) ® U(L\S) for the self-energy 

In section [3TTI we have determined the ortho-symplectic group Osp(S, S\2L) as the manifold of the self- 
energy T,2Nx2N K whereas the generating function Z[J , J.^, J^] (|2.69|) . composed of the super-trace 
relation ()3.52ft with two factors of f^2Nx2N K and of the matrix M]2 b a . s , p(t p ,t' q ) l|2.71j) . is only invariant 
under Osp(L, L\2S) with a different number of independent parameters in the anomalous terms. Various 
kinds of the HST can be taken for the quartic interaction term, as e.g., by restricting to the density terms 
or alternatively by only using the anomalous parts [481 149) . However, we can transform the hermitian 
anomalous terms (E^ xN (x, t p )) + — T?^ xN {x,t p ) of the self-energy in the group manifold of Osp{S 1 S\2L) 
and the super-trace relation (|3.52[) to an anti-hermitian form T,]f xN (x, t p ) — > i T,]^ xN (x, t p ), T,j^ xN (x, t p ) — » 
i Y?^ xN {x, t p ) (Weyl- unitary trick |51j). In this case the number of independent parameters does not change 
for the manifold Osp(S, S\2L) of the self-energy, but the unsuitable metric K (|3.37l3.52p is converted to the 
metric K (|3. 4213.53ft in the super-trace (|3.52j) with the product of two self-energy matrices which are also 
composed of the manifold Osp(S, S\2L) for f^2Nx2N K. Therefore, the self-energy can be 'diagonalized' with 
the density terms as 'block' eigenvalues and coset matrices in a similarity transformation. The invariant 
transformations of the generating function are then performed according to the metric K and take place 
within the equivalent manifold Osp(S, S\2L) of the self-energy with the same number of independent 
variables 




(3.54) 




We decompose or 'diagonalize' the self-energy T*2Nx2N (j3.55!3.54|) into density terms T,p. NxN , £jj. NxN k 

(|3.49I3.51|> of the subgroup U(L\S) and cosets Osp(S, S\2L)\U(L\S) represented by the matrices T\, T 2 
()3. 5713. 58ft for the anti-hermitian anomalous terms; this construction Osp(S, S\2L^\U(L\S) <g> U(L\S) con- 
siders spontaneous symmetry breaking of Osp(S, S\2L) by its subgroup U(L\S) \ 
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^2Nx2N[X,t p ) = ^£21 £22 J 1 ^ Q / ^ ' 

= T\ ^D;2Nx2N T2 

T2 K Ti = K ^NxN = (^Nxn) ^NxN = 1 ^JVx N ^NxN = 1 ^NxN (3.56) 



17 In the following the tilde ' ' of S2JVX2JV refers to a self-energy with anti-hermitian anomalous terms 1 Sj^ xJV , 1 T,^ xN 
in comparison to E2JVx2iV with hermitian pair condensates Sj^ xJV , £^ xiv ; E^ xiv = (£^ xiv ) + . 



3.2 Coset construction Osp(S, S\2L)\U(L\S) O U{L\S) for the self-energy 
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Ti(x, t p ) 
T 2 {x, t p ) 

Y 2 Nx2n{.X, t p ) 



exp < I 



exp 







* XnxN 





i Xnxn k 




= exp | - Y 2N x2N } 

> = exp |^2Jv X 2iv} 



X 



NxN 



c D;LxL 



(x, tp) 
(x, tp) 



NxN 

X NxN (x,t p ) 
knxn X^ xN (x,tp) 

— CD;LxL(x,t p ) flD;Lxs(%'tp) 
-f)D;SxL{x,t p ) fD;Sxs(x,t p ) 

CD-LxL{x,tp) fD-Sxsi^^p) = -fD;Sxs(x,tp) 



(3.57) 

(3.58) 
(3.59) 

(3.60) 
(3.61) 



(Compare the definition of the super-generator Y 2 nx2N (j3-59p with X^xN for anti-hermitian anomalous 
terms in Ti with the equivalent symmetries ()3.6ip as the generators W^ xNl W^ xN in W 2 nx2N (|3-4ip 
and T (|3.44|) 1. We introduce an additional diagonal density field <7p\x, t p ) Inxn = f p ) k) s * + 

t p )] in the self-energy and allow for fluctuations with the densities <5£" x7V , (5E^ xAr in the subgroup 



U(L\S) 



The subgroup U(L\S), as the invariant vacuum or ground state in the spontaneous 



symmetry breaking of Osp(S, S\2L) to Osp{S 1 S\2L)\U(L\S), is represented by the independent fields of 
f]]^ xN p. 62113. 67)) which also occur in S^xjv (I3.63H3.67)) as a super-transposed part (<5£ 22 k) s * = — 5S 11 , 
but with an additional minus sign (|3.64p . (Compare the independent parameters of S'S]^ xN , STij^ xN k with 
the density terms of the '11' and '22' sections in (1314)) as the subgroup U(L\S) of Osp(S, S\2L).) 
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6 X* S xL 

5b lxl^^p) = 8B LxL (x,t p ) 5F^ xS (x,t p ) = SFsxsix.tp) 

r (0). 



S XlxS 
~ SF SxS 



(3.62) 
(3.63) 
(3.64) 

(3.65) 

(3.66) 

(3.67) 



Similarly, we include the mean density field a^'(x,t p ) and the corresponding fluctuations SYj]^. NxN: 

NxN m t ne density terms Y,^. NxN , S 2 ^. 
U(L\S) of Osp(S, S\2L) with matrices f x and % 



NxN , ^'d; NxN of T lD . 2 Nx2N P-55P for 'diagonalizing' to the subgroup 
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D;Nxn(%i tp) 
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22 
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5B D . LxL (x,t p ) 5xD. LxS (x,t p ) \ 

(>XD;SxL{x,tp) 5F D;S xs{x,t p ) J 

3Bj). LxL (x,tp) ^Xl)-Lxs(^'tp) \ 

s X*D;SxL(x,t p ) -SF£. SxS (x,t p ) J 



(3.68) 
(3.69) 

(3.70) 
(3.71) 

(3.72) 
(3.73) 
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SB 



L-.Lxl(^^p) = SB D;LxL(x,t p ) 5FX SxS (x,t p ) = 5F D ;Sxs(x,t p ) 



(3.74) 



and coset matrices 



In the remainder the self-energy T.2Nx2N (|3.55|) with density fluctuations 
Xi, T2 (| 3 . 5 5fl 3 . CjT|) is therefore set to the following form with anti-hermitian pair condensate terms 



^>2Nx2n(x, t p ) — 
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(3.75) 
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(3.76) 
(3.77) 

(3.78) 



According to Eqs. (|3.75p . the anomalous terms or pair condensates with coset matrices T\(x, t p ), T 2 (x,t p ) 
tl3.57ti3.61]) of Osp(S, S\2L)\U(L\S) are coupled to the block diagonal density fluctuations ST>d;2Nx2n(x, t p ) 
(|3.72|3.74p of the subgroup U(L\S). The real density field a^\x,t p ) (|3.71|3.65p in the self-energy ma- 
trix T 2 Nx2N(x,t p ) (|3.75|) is invariant with the super-unitary transformations U(L\S) as subgroup of 
Osp(S, S\2L), both in the '11' block Yj^ xN (x, t p ) and with super-transposed parameters in the '22' block 
T, 2 $ xN (x,t p ) k (see the block diagonal super-matrices Wj^ xN , Wff xN in W£q (|3.4ip ). Therefore, the field 
a^\x,tp) K is regarded as the vacuum or ground state in a spontaneous symmetry breaking with den- 
sity fluctuations ST,D-,2Nx2N{x,t p ) (|3.78p to which the anomalous fields in Ti(x,t p ), T 2 (x,t p ) (|3.57l3.58p 
are combined. These density fields ST,D;2Nx2N{x,t p ) (|3.78[) act as 'hinge'-functions between the U(L\S) 
invariant vacuum field a^\x, t p ) and the anomalous terms in T\(x, t p ), T 2 (x, t p ) (|3.57l3.58p . 

The Hubbard-Stratonovich transformation of the original interaction V|£_£/| with fields ips,a(tp) is 
divided into three parts so that the invariant transformations of the final resulting generating function can be 
performed within the same group manifold Osp(S, S\2L) as that of the self-energy T, 2 nx2n(x, t p ) K (|3.551 
I3.61l3.75ll3.78p . One half of the original interaction is transformed with the real density field a^\x, t p ) for 
the density matrices R]^ xN (x,t p ) 1 R 2 ^ xN (x,t p ), composed of dyadic products of the fields ips,a(t p ), g(t p ) 
as in section 12.21 (|2.33H2.4()|) . We also include the approximation to a spatially local relation 
with effective value Vq of the short-ranged interaction potential Vj.j_.j/| 



ex Pi-^/ dtp i>ha( t p)^i\p( t p) v \s>-s\i>x>Atp)i>s, a ( t p) 



c 



(3.79) 
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x exp ■ 



2ft 



[ dt p J^STR 

J c 



R 11 
R 22 



(°) r> 
a D r* 2N x 2N 



The second half of the original interaction term with V^-pi and fields ips,a(t p ), ^{tp) is converted with 
the anti-hermitian anomalous terms i 8Y^ xN , i S'E 2 ^ xN to dyadic products of anomalous terms in R]$ xN , 
R 2 n xN (|2.33fl2.46|) so that the super-trace of the product of two anomalous selfenergies contains the same 
appropriate metric K (|3.42p as the group manifold Osp{S 1 S\2L) of 5t,2Nx2N K 



exp \ - ^ I dt p ^2 Vx'jiitp) V\S'-x\ ipx'Atp) ^sAtp) 
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A third term (|3.8ip includes the density fluctuations 8Y?^ xN , 8f^ xN of the group U(L\S)) with Gaussian 
integrals. However, the coupling term between R]^ xN , R]$ xN and 5T,]^ xN7 5T,]$ xN leads by construction 
only to a constant factor. The '22' block with S'E 2 $ xN with the additional minus sign cancels the product in 
the '11' block with R]^ xN and STi 1 I ^ xN so that the exponent in the second factor of the integrand vanishes 
identically (see third line in Eq. (|3.81|) 1. The density fields 8'S]^ xN , 5Y, 2 $ xN have to be introduced by the 
Gaussian integrals (|3.81[) because the coset matrices Ti, T 2 
these fields in a spontaneous symmetry breaking ()3.75|3.76p 
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Finally, the partial HST relations (|3.79l3.80p and (|3.8ip are combined to an entire HST relation for the 
original quartic interaction of fields 



exp 



-J dtp ^*xA f p) V\3>-$\ i>S'At P ) ipsMh) 

' ' x,a;x',f3 

d[5E(x, t p ) K] exp \ j dt p ^ STr[(5E(x , t p ) K 5T,(x, t p ) K 



(3.82) 
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^NxN — "D 1 NxN + OZj NxN Zj NxN — (7 D djixK T OZj NxN . I^J.OOj 

Similar conversions as in section l-T2"l are used to obtain the path integral Z[j, J.0, J^] (|3.84p in terms of the 

fields 5Yi2N-x2N (|3.76p and a^(x,t p ). The combined HST relation (|3.82p reduces the quartic interaction 
to a bilinear relation with the original coherent state fields in (|2.24|) 



Z[J, J^,J^] = I d[a^ (x , t p )} 



J d[SE(£,t p ) K] ex p|^--j^y dtpY^STR\6Z(x,t p ) K 6Z(x,t p ) K 



(3.84) 
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We can integrate over the bilinear relation in (|3.84|) with the 'Nambu'-doubled fields 'ft, a (t p ), a (t p ) 
to obtain the generating function Z[j~, J^, J^] (|3.85p with super-determinant and inverse of the matrix 

-~~-~ab _____ 

Mg a . s , g{t p ,v q ) p.86p and the selfenergies as integration variables 



Z[J,J^,J^]= I d[cr$( 



?,tp)] expj^^ J c dt p ^a { °\x,t p ) a^fatp)^ 
J d[SE(x,t p ) K] exp|^-^y dt p ^STR[sE(x,t p ) K 6£(x,t p ) K 



(3.85) 



x <^ SDET 
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exp {ih n2 j c dtp -O^O k M ^M^W k j^jx^p) 



Mg a #, f) M)= (3.86) 

= rt&^fo. # + <^ 0) (*> t P ) k s StSP Vp s p , q s(t p t' q ) + Vp + 

+ y^ a3 {x,t p ) + K y st 2i^ tp) - 5 t%{x,t p ) ) K ) d ^Vpd^d{tp~t q ) . 

However, the additional transformations (|3.87p with metric I2NX2N (j3-88p and K as in (|2.54|2.6ip have 
to be applied to the self-energy matrix in Z[J~, J^, Jm] (|3.85|3.86p in order derive a coherent state path 



3.2 Coset construction Osp(S, S\2L)\U(L\S) O U{L\S) for the self-energy 
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integral which is invariant under the same transformations Osp(S, S\2L) as the group manifold of the 
self-energy with anti-hermitian anomalous terms 

K -£ 22 K ^ 1 [ 8t^ -£ 22 .rfpi £ 22 (3 ' 87) 



hNx2N — | ^>^, ' ' ' J ' (3.88) 

BB FF BB FF 

We apply various times the metric K, K and I on both sides of the super-matrix M2 b Q .-, p(t p ,t' q ) (|3.86p 
so that the self-energy ^2Nx2N K (|3. 55113. 6713. 52|1 becomes a generator of the ortho-symplectic group 
Osp(S, S\2L) as W^i (|3.4ip . but with anti-hermitian anomalous terms. Finally, the matrix MZ a . 3 , p(t p ,t' q ) 

()3.86jl can be replaced by the super-matrix M.g a .g, a(t p , t' q ) in the generating function with only minor 
modifications because the super-determinant of both forms of super-matrices is invariant under the trans- 
formations with metrics K , K and I 

MI^A^A) -> k { k M^.g tJ3 (t p ,t' q ) K) K (3.89) 

-> k i- 1 (i k M^, <0 (t p , t' q ) k z) r 1 k 
-> £ f- 1 (/ £ M2 b Q;;? , i/3 (i p , g kik) ki^k 
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A4^ >/3 (W;)= (3-92) 
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The equivalence of the manifolds of the invariant transformations in Z[t7, J,/,, «</,/„/,] (13.93|) and of the self- 
energy Y*2Nx2N K allows the separation into density and anomalous parts in a kind of 'diagonalization'. The 
analogous matrix Mi b a . s , p(t p , t' q ) (13.92j) as Mg b a . s , a(t p , t' q ) ()2.7ip in section 1^21 determines the generating 
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function (|3.93[) with the inverse square root of the super-determinant of the doubled one-particle part "H K, 
the anti-hcrmitian source matrix iJ^(x,t p ) (|2.63l2.64p for the anomalous terms and with the bilinear 
source field J%. a (x, t p ) (|2.58I2.4[) for the coherent condensate wave function. The change to anti-hermitian 

pair condensate terms in Mi b a . s , g(t p ,t' q ) (|3.92p with corresponding self-energy T,2Nx2n(%', t p ) (|3.75ti3.7S|) 

and source matrix ij^(x, t p ) is accompanied by the change of the metric K in Mg b a .~, ^(ip, t' q ) (|2.72|2.7ip 

to the metric K in M a ~' a .g, p(t p , t' q ) (|3.92p . The quadratic super-trace relation with interaction parameter 

Vq also contains the metric K instead of K after application of the Weyl unitary trick [51] . The chosen 
form of the HST relations (|3.79H3.82|) yields a coherent state path integral Z[J 7 J^, iJ^] (|3.93p whose 
invariant transformations are equivalent to the group manifold Osp(S, S\2L) of the self-energy. The self- 
energy T, 2 nx2N K of Osp(S, S\2L) in the coherent state path integral l|3.93p can therefore be decomposed 
(or 'diagonalized') into density terms with (x, t p ) , 5'£<d;2Nx2n{x, t p ) and into anomalous terms (as 
'eigenvectors') represented by the coset matrices Ti, T 2 (|3.55ti3.6l]) of Osp(S, S\2L)\U {L\S). 



3.3 The change of integration measure to Osp{S, S\2L)\U{L\S) ® U(L\S) 

The invariant integration measure depends on the chosen parametrization of the density and anomalous 
terms. We apply a coset decomposition with density terms in the super-unitary subgroup U(L\S) and coset 
matrices Osp(S, S\2L)\U(L\S) with anti-hermitian terms for the pair condensates. According to Eqs. (|3.55l 
I3.6ip . (|3.68H3.74"|) and (13. 75113. 75]) . the generators and corresponding variables of Osp(S, S\2L), represented 
by the self-energy t, 2 Nx2N K (|3. 9413. 7513. 55[) in 'flat' coordinates, are transformed to the density terms 
$^D;2Nx2N K (13.68H3.74"!) . the additional mean density field ap\x, t p ) and anti-hermitian pair condensate 



terms in the matrices T(x,t p ) := Ti(x,t p ) of Osp(S, S\2L)\U(L\S) with generator 12^x2^(2?,^) (|3.95l 



= f [^ 0) W + ^W (o) )k f-i ( 3. 9 4) 
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C T D-LxL = CDXxL Id-SxS = ~/d ; 5xS (3.97) 

T 2 Nx2N ■ = Ti-2Nx2N T% K T\ = K ► ^2Nx2N : ~ ^ T 2 -2Nx2N K . (3.98) 

The invariant integration measure for the coset decomposition is calculated by diagonalizing the density 
terms 5Ti l ^j. NxN and its super-transposed part (ST,'j^. NxN ~K) st = — STi]j. NxN (|3.70p with the matrices 
''" f )12 to the eigenvalues SXnxn = (SXb-lxl SXp.sxs) (13.99H3.lfj4"]) . The anomalous terms 



iNxN' ^NxN 

with the matrices Xnxn, k n or Y2NX2N (|3.96l3.97p are factorized with the super- unitary matrices 
Nx.Ni PWxN to i = 2Z + 1 diagonal complex parameters clxl for the bosonic molecular condensate and 

to complex antisymmetric quaternions / $xs ~ {( T 2)/iv / r l (f = 1, ■ ■ ■ > S/2),(fi, v = 1, 2,T2 =antisymmetric 
standard Pauli-matrix) along the 2x2 block diagonal of the fermion fermion part (|3.105H3.112p B (In 

18 The range of indices for the angular momentum degrees of freedom for the fermions and bosons is adapted from —s, . . . , +s 
and —I, . ..,+1 to the range 1, . . . , S = 2s + 1 and 1, , L = 21 + 1. Furthermore, two notations for the index range of the 
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the self-contained appendix [Al we describe the diagonalization of density and anomalous terms with super- 
unitary matrices and their parametrization in section IA.1I in detail. Furthermore, the various steps to 
the final form of the integration measure are specified in following sections IA.2I to IA.41 including lists of 
partial results. However, the subsections IA.31 IA.4I just catalogue the various steps and formulas to the 
final integration measures, but contain every detail of the calculation.) We list in Eqs. ([3~99]) to (|3.112j) 
the super- unitary matrices QjvxAtj Q"nxn an< ^ ^NxN' ^NxN f° r diagonalizing density and pair condensate 
terms. The fields Bo-mmi Fd;U and C.o ;mm , Qd;th,tv for the diagonal elements of generators in Q aa and 
P aa have to vanish because these degrees of freedom arc already contained in the eigenvalues 8\nx n ,clxl 
and block diagonal antisymmetric 2x2 matrices fsxS ( see f° r details in appendix El especially section 

ED) 
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fcrmions are used in parallel in the remainder : (i) The first notation labels the angular momentum degrees of freedom from 

i, j = 1, , S = 2s + 1. (ii) The second one regards the quaternionic structure of the fermion-fermion part and has a 2 X 2 

block matrix structure with fjb, v = 1,2 and r, r' = 1, . . . , 5/2 so that e.g. 5Aj? ;rM corresponds to &^F\i—2(r-i)+)j,- 
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In terms of the paramctrization (|3.99M3.112[) for the density and anomalous terms, we can finally obtain the 
change of integration measure from 'flat' coordinates da^'(x, t p ) d[5Y,(x, t p ) K] to the coset construction 
Osp(S, S\2L)\U(L\S) (g> U(L\S) (|3.114j) . The complete integration da ( ^(x,t p ) d[5Y>{x,t p ) K] in 'flat' space 
decomposes into the integration for the mean density field d[a^ (t p )], the integration over the density vari- 
ables d[ST,£>(x, t p ) K] = d[dQ(x,t p ) Q~ 1 (x,t p );dX(x,t p )] in the subgroup U(L\S) and into the integration 
of the coset space d\T~ 1 {x,t p ) dT(x,t p );SX(x,t p )) = V(SX(x,t p )) d[T~ 1 (x,t p ) dT(x,t p )] with additional 
contained products of the eigenvalues V(5X(x, t p )) from the density terms (|3.113H3.116p . According to 
the unitary form of the considered subgroup U(L\S) of Osp(S, S\2L) for the densities d[ST,D(x,t p ) K] = 
d[dQ(x,t p ) Q~ 1 (x,t p );5A(x,t p )}, the integrations with the independent variables {dQ{x,t p ) <5~ 1 (x, t p ))^g, 
(a ^ (3) are multiplied by the squares of the differences of the eigenvalues (see appendix IA.31 IA.4I) . The 
integration within the coset space is given by the independent variables in dXN X ^(x,t p ), k dX^ xN (x,t p ) 
(|3.96l3.97p which are weighted by the sine- and hyperbolic-sine functions of the modulus of the eigenval- 
ues CLxL(x,t p ), f sxs(Z'tp) P-108I3.109P of XNxN{x,t p ), k X^ xN (x,t p ) and the squares of the eigen- 
values 5\N X N(x,t p ) of the density terms (|3. 10013. 10ip . We transfer the eigenvalues V(S\NxN{x,t p )) 
of the density terms in the coset measure d[T _1 (a;, t p ) dT(x,t p );SX(x,t p )) (|3.116|3.119|) to the measure 
d[5T,D{x,t p ) K] = d[dQ(x,t p ) Q~ 1 (x,t p );5\(x,t p )] (|3. 115ft of the subgroup U(L\S) so that separate in- 
tegration measures d[dQ(x,t p ) t p ); SX(x, t p )] V(SX(x,t p )) and d[T~ 1 (x,t p ) dT(x,t p )] for density 
and anomalous terms result instead of the integration variables d[5Yi2Nx2N{x 1 t p ) K] in 'flat' space. The 
measure d[dQ{x,t p ) Q _1 (x, t p ); 5X(x, t p )] is given by relation (|3. 117ft with integrations over the eigenval- 
ues and the independent variables of t p ) Q 11;-1 (af) t p )) a/3 (a ^ (3). The integration measure 

<i[T _1 (af, t p ) dT(x,t p )}, which only contains the pair condensates, is listed in Eq. (|3. 120ft . The details of 
the calculation for the invariant measures of Osp(S, S\2L)\U(L\S) <g> U(L\S) are described in appendix IA1 
with subsections IA.1I to IA.4I 

Note that the integration measures decompose into the even parts with the boson-boson 'BB' and 
fermion-fcrmion 'FF' parts of the super-unitary matrices. The square root of the determinant for the 
considered sub-metric-matrix enters as weight function into the integration measure of the independent 
variables in the even boson-boson or fermion-fermion parts (|A.141IIA. 167ft (Compare appendix IA.31 esp. 
Eqs. (|A.141|) to (|A.149|) for the metric of the boson-boson part and (IA. 150ft to (1A. 167ft for the even fermion- 
fcrmion part in d[T _1 dT; SX]). The prevailing metric tensor for the odd variables in the boson-fermion 'BF' 
and fcrmion-boson 'FB' sections has to be taken into account by the inverse square root of the determinant 
of the sub- metric for the assigned subspace of anti-commuting variables (last terms in Eqs. (|3.117|3.120D ) 
(see also appendix IA.3I Eqs. (IA. 168ft to (|A.174j) ). In general the square root of the super-determinant 
of the super-symmetric metric tensor determines the change of integration measure for commuting and 
Grassmann variables (see appendices I A. II to IA.4I for the definition of a distance with metric tensors of 
Osp(S, S\2L)\U(L\S) ® U(L\S); compare also with the invariant volume element in the theory of general 
relativity [52, [53].) 

S^D;2Nx2N K = Q 2 Nx2N &^-2Nx2N C>2Nx2N (3.113) 

d[a<g\t p )] d[6X 2Nx2N {t p ) K] = d[a ( °\t p )] d[dQ Q-^SX] d[f- x df;SX] (3.114) 
d[dQ Q _1 ;5A] = d[5± D K] (3.115) 
dfi- 1 df;6X] = P(6X) dfi" 1 df] (3.116) 

d[dQ <9 -1 ,<5A] = d[5± D K] = (3.117) 

L S 

= n W l+s]/2 ( n d(5x Bim )) (f[d(8\ FH 

{x,t p } ^ \m=l ' ^i=l 



3.3 The change of integration measure to Osp(S, S\2L)\U(L\S) <g> U(L\S) 
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(3.118) 
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x II II II ((<5A F;r 'i+<5A B;m ) 2 ((5A F;r '2 + <5A B ;m)' 

{x,tp} ^ m=lr'=l ^ 



(3.119) 



One has to distinguish between the diagonal integration variables dc* D . mm dcjj- mmi df D ' rr df D ' rr and off- 
diagonal integration parameters dc* D . mn dc D . mn , (m 7- n), df^)* r , df^) rr ,, (r 7= r' ', fe = 0, . ..,3) for the 
measure of the coset space. However, a limit process of the eigenvalues (|c TO | — |c„|) — > 0, (|/ r | — |/ r /|) — » 
can be performed in the partial integration measures of the off-diagonal variables so that the integration 
measure follows for the diagonal integration parameters dc* D . mm dcD-.mm, dfp)* r dfp) rr 



d[f- 1 df] = 

_ J~J I J~J ^ dcD;mm A dcr)-mm 



(3.120) 
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The complete 'flat' integration measure d[<Tp ] d[<5X2jvx2jv -K"] of the coherent state path integral (|3.93I3.92|) 
Z[j, Jij), lJif)ty] factorizes into the subgroup U(L\S) with the densities d[dQ Q' 1 ; SX] (|3.117I3.118|) and into 
the coset part dp 1 " 1 dT] (|3.120p Osp(S, S\2L)\U(L\S) for the condensate pair terms where the eigenvalues 
V(5X) (l3~TT9l) in d[f~ l df;6X] $JTW\i have been shifted to the part d[St D K] ^JTE^ within the U(L\S) 
group as additional factors. In consequence we can decompose Z\J, J^, i J^] (|3.93|3.92p with a gradient 
expansion of the super-matrix ■M.g a .gi a(ipjiq) (|3.92| in the super-determinant and the remaining actions 
in the exponentials of (|3.93[) . The density and anomalous terms separate in the integrands according to 
spontaneous symmetry breaking of Osp(S, S\2L)\U (L\S)®U(L\S). The Goldstone modes are then specified 
by the lowest orders of gradients of the coset matrices T _1 (9,T) , T' 1 (dt p T) , (i = 1, . . . , d). 



4 Gradient expansion into densities and anomalous terms 



4.1 



Removal of densities 
state path integral 



D;af3 



X 



t p ) or 'hinge'-functions from the coherent 



It is the aim of this subsection 14. II to eliminate the block diagonal densities S^§. a a{x, t p ) p.68H3.74|) from 
the coherent state path integral. They have been originally included in the HST transformations (|3.79H3.85|) 
with 'superfluous' Gaussian integrals, but are necessary for the coset decomposition with the anomalous 
terms. They act as 'hinges' when the matrix T^(x,t p ) for anomalous terms (|3. 94113. 95|) is shifted from the 
total self-energy, decomposed into densities and anti-hermitian pair condensates, to the 'Nambu'-doubled 
one-particle Hamilton operator Ti (12. 55112. 57j) in the super-determinant and BEC coherent wave function 
part with matrix M% b a . si/3 (t p ,t q ) (|3. 9313. 9214.15)0^1) . 

In section [3] we have determined the symmetries of the generating function and have identified the 
ortho-symplectic group Osp(S, S\2L) as the manifold of the self-energy. By using the Weyl unitary trick 
[S"T] . we have performed HST transformations with the 'hinge' functions (5SJ, a Q(g (af, t p ) so that the resulting 
path integral Z[j, J^,iJ^} (|3.93l3.92p has symmetries which coincide with the manifold of the self-energy 
(or the corresponding Osp(S, S\2L) group) 



Z[J, J.0,«J.0V>] = J dl^D&tp)] e ^{^^ J c dt P^ a( D&tp) v'oiX'tp)^ 

[ d[Sf,{x, t p ) K] ew\4zTr [ d t P V STr[(5E(x, t p ) K 5T,(x, t p ) K 
J L 4ft Vq Jc ^ 1 

■Mg b a .3i^(t p , t' q ) 



(4.1) 
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x exp { ^-n 2 [ dtp dt' q ]T Af x t' q ) IK M#% ie tf q , t P ) I J$.J3, t p ) 



■Mg h a .^^(t p ,t q ) - Ws,a-,g' ,p{tpit'q) + a D (^>*p) hNx2N &x,x> Vp $p,q <K*p ~ t 'q)+ ( 4 -2) 



1' 

7 f ab (?f\K4-{ ^ S «M^'*p) tS ^ff(^' t p) ] r> \ r „ „ s: X( f _f>\, 

v " -W^Mp) K + [ t 6±^(x,t p ) 5t,™(x,t p ) ) K ) dx ' x Vp dp ' q d[h ** J + 

f T y <?g,a;x',p(' l 'P't'q) t> f 7> 

Vp M n q K I K . 

v " v ' 

The self-energy i p ) JsT, as a generator of Osp(S, S\2L) and with anti-hermitian anomalous terms 

in (|4.1I4.2[) , can therefore be decomposed into the block diagonal densities ST,^. af3 (x,t p ) if as a sub- 
group U(L\S) of Osp{S,S\2L) and into the coset part f^[x,t p ), O sp{S , S\2L)\U {L\S) . The densities 
8Y, a j^. al} {x.t p ) K are further factorized into doubled 'eigenvalues' 5A®(x,t p ) = (<5A£,(a?, t p ) ; — <5A^(af,t p )) 
as the maximal Abelian Cartan subalgebra of Osp(S, S\2L) and 'eigenvectors' Q^(x,t p ) composed of 
the shift operators B D . LxL (x,t p ), J r D]SxS (x,t p ), Ld D . S xL(x,t p ) ^D ;LxS (x,t p ) of U(L\S) (j3.99H3.104p, The 
self-energy S^g(af, t p ) K consists therefore of parameters according to following Eq. (|4.3|) 

^2Nx2N(x, t p ) K = (Tp\x,t p ) l 2 Nx2N + 5Y, 2Nx2N (x, t p ) K (4.3) 
= f(x,t p ) (a ( £\x,t p ) l 2 Nx2N + St, D . 2Nx2N (x, t p ) Kj T -1 (£,tp) 

= f(x,t p ) (a^\x,t p ) l 2 Nx2N + Q 2 N x2N {x,t p ) 5k 2Nx2N (x,t p ) Q 2 Nx 2 N{x,t p )j f~ l (x, t p ) 
= f (x,t p ) (a { p\x,t p ) l 2 Nx2N + 5A 2Nx2N (x,t p )j f^ 1 ^, t p ) , 

where we have also introduced the modified coset part ^(a?, t p ) = T^(x, t p ) Q~^ bb (x, t p ) (|4.4|) as in the 
calculation of the invariant measure in order to diagonalize the density parts 5Ti a j^. a p(x,t p ) K 

f (x,t p ) = f 2Nx2N (x,t p ) Q-^ x2N (x,t p ) (4.4) 
8^D:2Nx2N(x,t p ) K = Q 2 ^ x2N {x, t p ) SA 2Nx2N (x, t p ) Q 2 nx2n(x, t p ) (4.5) 

Q2Nx2N(x,t p ) = (QSxN&tp) ) (4.6) 

\ ^NxN\ x i l P) / . 

The exponential (exp{-f Q Q ,)',(x, t p )}) a ^ (|4.7|3.95p of the coset part Osp(S, S\2L)\U(L\S) can be performed 
by using the representation with X a p(x,t p ) and k X^^x^p) (|3.96I3.97[) so that the hyperbolic sine- and 
cosine-functions are obtained from these matrices X a p(x, t p ) and k X^p(x,t p ). However, the submetric 
k = { — Ilxl ■ +lsxs} in the boson-boson part changes the hyperbolic sine- and cosine- functions to 
its analogous trigonometric parts. Moreover, we apply the diagonalized forms of Yap^^p) an d X a p(x,t p ) 
(13.105H3.112p with the complex valued eigenvalues in XoD-,af3(x, t p ) and with the shift generators of U{L\S) 
in the matrix P^(x, t p ) so that the matrix Tp^Jx, t p ) (|4.8[) is acquired with corresponding diagonal blocks 

of f$(x,tp) 63) 



+ 



'-2Nx2N 



(x,t p ) = exp| -Y 2Nx2N (x, t p )\ (4.7) 



38 



4 GRADIENT EXPANSION INTO DENSITIES AND ANOMALOUS TERMS 



coshfV! k X+) 



smh(Vx kX+) ^ \ 

. .. . ._ 



-kX~ 



smh{^XKX+) 



VxkJc- 



V VXkX+ 

= ^2Nx2N ex P { — YdD;2Nx2NJ P'. 
= ^2Nx2N Td-,2N-x2N P2Nx2N 
( 



cos1i(\/kX+ X) 



2Nx2N 



2Nx2N 



-D:2Nx2N 



cosh(JX DD kX]j D ) 



smh(J X DD k X+ D ) 



Xdd k Xp D 



Xdd 



-kX 
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(4.8) 



DD 
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2Nx2N 



After a shift of the self-energy <5£^(:r, t p ) by i J^ b a fj{x, t p ) (12.63l2.64p . we have moved the source matrix 
for the anomalous terms from the matrix Mi b a . s , p{t p , t' q ) (|4.2|3.92|) to the quadratic term A2 [T, ST,d\ iJ^^p] 
(|4.1ip with the self-energy and the interaction parameter 1/Vq. The actions As d et [T, ST, £> , ; j\ (14. , 
Aj, [T, ST,d, 3\ (|4-13[) of the super-determinant and the bilinear source term of the coherent BEC 
wave function do therefore not contain the source matrix % j^ b a p(x, tp) as a 'seed' for the pair condensates 
(see also footnote 0) 

S^2Nx2N(x, t p ) + l J^(x, t p ) — > ST, 2 Nx2n(x, t p ) (4.9) 



Mt a , s ,, p {tp,t' q ) §£MM 



Mf^.^tp, t' q ) = H + l 2Nx2N + J$ + f 6A f,- 1 ^ (t p , f ) 



(4.10) 



A2 [T, 8Y, d ;iJ^\ 
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4hVo 
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' dtp ^2 STR (SE(x, t p ) - 1 J^(x, t p )) K (<SE(af, t p ) - i J^(x, t p )) K 



I dtp^|2str (5Xnxn(x, t p )Y 
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1 Jt/iip {x, tp) K T(x,t p ) Q -1 (:?,£p) SA(x,t p ) Q(x,t p ) f~ 1 (x,t p ) 



f (x,t p ) 

STR 1 J^np(x, t p ) K i J^(x, t p ) K 



(4.11) 



AsDETif^to^^-J] = 



In 



(M a s b a , s ,^t pi t' q ) 



(4.12) 



19 The trace over spatial and time-like variables in Asdet [T, > 0£> 1 3\ 1 14. 121 1 has to be normalized by the parameter 

N = Ml Af x with Af x = (L/Ax) d and O = 1/At which are determined by the discrete finite intervals of the coherent state 

path integral. Similarly, the action Aj^ [T, Sf^n , ; jf] 114.131 1 has to be scaled by SI 2 and J\T X for normalization. 

20 Note that in the remainder of this paper (sections 14161 and appendix any density-like operator terms as or 8 A 
already include the contour time metric rj p as one considers the spatial and contour time representation of such density terms. 
We even define in subsection 14. 21 these density terms with the additional contour metric r\ v l|4. 5314. 6114. 62jl , 
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[f, 5t D ,^-J) = %-Jdt p dt' q J^N x J$,@, t' q ) I K MZ^Jt' q , t p ) I J^ a (x, tp)(4.13) 

x,x f 

We insert the invariant measure (|3.113M3.120[) for the coset decomposition Osp(S, S\2L)\U(L\S) <8> U(L\S) 
and the actions (|4.11M.13|) with matrix Mf <a . 3 , >0 {t p , t' q ) (|4TT0ll into (|4.1I3.93| . This leads to the generating 
function Z\J , J^,i J^} (14. 14[) which still comprises the densities 8T,'^'. a f 3 (x, t p ) K or 'hinge' functions 

Z[J,J^,tJ^} = (4.14) 

= J d[o { p\x,t p )] ex p|^"|^y dt p ^2a { p\x,t p ) o${£,t p )\ J d[f _:L (x, tp) df (x, t p )] 

X 

d[dQ(x, t p ) Q^{x, t p );5X(x, t p )] V(5X(x,t p )) exp ji A 2 [f, 5Y, D ; iJ^] j 
exp { - Asdet [f, 5± D , a { ° ] ; j] } exp {i Aj^ [f, 5t D , a { ° ] ; j] } 

^[^(x.tp)] ex p{^"^y *p ^ ^ & *p) j 

X 

d[f- x (S,t p ) df{x,t p )](^J d[5t D {x,t p ) K] V(5X(x,t p )) exp{iA 2 [f,6£ D ;iJ^]} 
x exp{-A S DET[f,5£ D ,a<g ) ;j]} exp |z Aj^, [f, 8E D , d$ ; J] } 

Finally, we can perform the step where the block diagonal self-energy densities STijj. a g(x,t p ) K9j act as 

'hinge' functions for the pair condensates with coset matrix T(x,t p ). The matrices T(x,t p ), T~ 1 (x,t p ) in 
the coset decomposition of the total self-energy (|4.3p are moved out of the square brackets of the matrix 
■M'g a .g, g(t p ,t q ) ()4.10p . consisting of the doubled one-particle operator Hg b a .g, a(t p , t' q ), the self-energy 
density field a^\x,t p ) and source term J£ b a . s , a(t P ,t' q ). In consequence the coset matrices couple to the 
spatial and time-like gradient operators of TL, (T _1 7i T), and to the source matrix J'(T~ 1 ,T) = T^ 1 J T. 
After adding and subtracting the one-particle part Tt, one obtains the diagonal term H + i 2 Nx2N, the 
source matrix Ji!T~ x , T) and gradient terms of <5H(T _1 , T) = T _1 TLT — H which are combined into the 
super-matrix KfS b a . 3 , ^(t p , t' q ; 6Er>) as replacement of M^ b a . s , >/3 (t p , t' q ) 
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(4.15) 
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H p (x, t p ) = — E p + hp(x) h p (x) = 1- u(x) — p Q - i e. 
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(4.16) 
(4.17) 
(4.18) 
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(T (t p ),T(lf g )) 



fa'b' U t') 

L ; OMp) 7 X rj q K I K T fj , a (x ,t q ) . (449) 



In order to remove the self-energy densities 5E^ Q o(a;, t p ) Kg or 'hinge' functions, we execute the re- 
verse operations which have originally transformed the matrix M2 h a . s , g (t p ,f q ) (|3.86|) to M°£ a . 3l g(tp>tf q ) 
()3.92l) using the metrics K, I, 7 _1 , K in relations (|3. 89113. 93|) . These reverse operations lead from the 
matrix M f >a . s , t0 {t p ,t' q ) gUJ) to Sf^ ]S ,Jt p ,1/ q ;6t D ) ®M and finally to N^^tp^Hstn I' 1 ) 
(|4.21l4.20p . still including the 'hinge' functions. Furthermore, we define the super-matrix Oi h a . s> g (t p ,f q ) 
P~2"2f which is derived from Nf a . s , g (t p ,t' q ) in fl~2"Tj) without the self-energy densities 5E£,° Q/3 (f, i p ) 



^iW,M*p> = t P )IK[K r 1 AfS%. s ,, 3 (t p , t' q ; 8Z D ) K T 1 K ) KIK T (x! , 0(4.20) 



if 



0Zj D;NxN 



D;NxN 



A" 



(* P ,o 



(4.21) 
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23 J-2ATX2AT 1 + 
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(4.22) 



The value of the super-determinant SDET{A4} P~2"3")) with matrix (l4~2"0)) is not affected by the 

transformation to NZ h a . s , g (t p , t' q ; I" 1 <5E.d i" 1 ) (g^TJ). The Green function of Mf g P^5j) can also be 
given in terms of N£ b a . s , g (t p , t'g-J- 1 St D Z -1 ) (|OT|) so that the action Aj^ [f , 6£ D ,a$;$] follows 
with transformed source fields j$. a (x,t p ), J^ g (x',t' q ) for the coherent BEC wave function 



SDET{x} = SDETjiVS^^^,*;;/-^^/- 1 )} 
AsDET[f,5t D ,a^ ] -j] = 



m I N~ a . s , B {t p , t' q ) + if 



D;NxN 







DiNxN 



(4.23) 
(4.24) 

if 



^S/3(*p. ^ = ^ (f, i P ) if i^ 1 K N-^ {t p ,f q ; I-H£ D r 1 ) K r 1 t-^af, t' q ) (4.25) 



Aj^[f,5t D ,a^;j] = — j ^dt p KY^* (i K T{x* ,t' q ) K t 1 ) ^ 



X (4.26) 



4.1 Removal of densities 5E^° Q/3 (x, t p ) or 'hinge' -functions from the coherent state path integral 41 



The actions As bet, Aj^ f|4.24!4.26|) originally result from the Gaussian integrations with doubled super- 

<>;) 



fields *J b s(*g) so that we can transform Z[J , J^,iJ^] P~14"l) with relations (j4.15H4.26j) to (|^757|) 



with BEC source term J+*(2, t p ) K *| )0 (t„) + *i£(i P ) A" J$- a (x,t p ) 

Z[J, J^,,i J^} = J dla^ (x,t p )] ex p|^"^y dt p^2 a D ] &tp) ^D&tp) 

X 

d[f'\x,t p )df{x,t p )} I I ' d[5± D (x,t p ) K) P(SX(x,t p )) x 



(4.27) 



x exp ^ I dtp^ ( STR ST, d - 2 nx2n(x 1 t p ) K 5'£ D; 2Nx2N(x,t p ) K 



i J^(x,t p ) K T(x.t p ) S'S D . 2 Nx2N(x 1 t p ) K T 1 (x,t p ) 



2 STR 



+ STR i J^(x,t p ) K i J^(x, t p ) K > x 



J d[fa, a (t p )] exp J - ± jf dt p ^ g ^(f,) 



[ oz ^D;NxN 

-5E 22 





D;NxN 



K 



(t'tp) x 



However, we have to verify that the fields J^j. a (x,t p ), J^^(x,t p ), defined in the couplings to ^^= a a (tp), 
^% a (tp) (|4.27p , are related by superhermitian conjugation as stated. This can be proved by application of 
Eqs. (|4.28l4.29p for the coset matrices 



/- 1 f- 1 J = exp<K 



X 
-kX + 

X K 



X 

kX+ 



^/-if-i/j = expjz^ ^ , ;/ ) } : / A' exp 
= IKTKI- 1 , 

so that the super-hermitian conjugation of J^. a (x,t p ) (|4.30|) yields J^ a a (x,t p ) (|4.31|) 



(4.28) 
X J -1 (4.29) 



+ Q 



(4.30) 
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4^,t P ) (I Kf(x,t p ) k i- 1 



ba 



(4.31) 



Eventually, we observe that the coherent state path integral (|4.27p contains in the coupling to the bilinear 
fields ^^^{t'q), ^saitp) the term (|4.32p with densities 8Y.°g. a p(x, t p ) which is definitely constant because 
of the negative sign before 5T, 2 ^. al3 (x,t p ), thereby canceling the '11' part with 5T,]^. al3 (x, t p ). This has been 
accomplished by the reverse operations (|4.20jl from matrix M ab p (|4.15p to N~ b a . s , p (t p , t' q ) l|4.21jl with the 
metrics K, 7 _1 , K (compare (|3.89[l ) 



exp 



dt ^T^ +b (t)K I ^DiPa&tp) 
2^ Jc \ 



Km a (t p )} = l. (4.32) 



Therefore, we acquire the generating function (|4.33[) where the block diagonal densities ST,]j. al3 (x, t p ) enter 
only as integration variables for the resulting action Aj [T] (|4.34p . We assume formal performance of 
these integrations with <5E^ Q/3 (x, t p ) (|4. 34114.36)1 to some unknown action Aj [T] (|4.34p because these 
integrations also involve a suitable detailed parametrization of the super-unitary group U(L\S), concerning 
the shift generators in Q^p(x, t p ) (|3. 102113. 104p . The integrations with the eigenvalues 5X a (x, t p ), including 

the polynomial V(5X(x,t p )) (|3.119|> . can be achieved using properties of Vandermonde determinants and 
related Hermite polynomials with Gaussian weight functions [54) 



d[a { n\x,t p )] ex p{^"^y dt p a< D ( f ' h) a 

X 

dfr -1 ^, t p ) df(x, t p )] exp |« ,4j^ [f] | x 
exp { - ^5DBT [T, 4 0) ; i] } exp {z ^ [f , ; j] } 



(£,t p ) (4.33) 



exp{ l ^Jf]}= j d[5t D (x,tp) K] V(8X(x,t p )) exp {* 4 2 [f , 6t D ; ij^] } = (4.34) 
d[<fQ(x, t p ) Q _1 (f, t p ); SX(x, t p )] V{8X(x,t p )) exp jt As [f, Q^ 1 SA Q;iJ^] j 



sdetj^ 1 .^ - SX S a/3 } 



= 



sdetjsE^ K-(-SX) S a p) = 



■^5f^. NxN (x, t p ) K 



(4.35) 
(4.36) 



A2 [T, 5T, D ;iJ, 



t . , dipV STR 
4ft F ' I 



^S £); 2Arx27v(a ? , ip) K 5Y, D;2 Nx2N(x,tp) K 



2 STR 



i J^(x,t p ) K T(x,t p ) St D . 2 Nx2N{x,t p ) K f 1 (x,t p ) 



+ STR 1 J^(x, t p ) K 1 J^(x, t p ) K 



(4.37) 



A 2 [f, Q- 1 5k Q; J^] = 



(4.38) 



4.2 Hilbert space of gradient operators and their representations 
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1 



AhV 
1 

AhV 
2 STR 



c 



dt p ^2 STR (<5£(x, t p ) - i J^(x, t p )) K (6Y,(x, t p ) - i J^(x, t p )) K 



c 



dtp ^ \ 2 str (<*Ajvxiv(i?,*p))' 



i J^j)(x,t p ) K T(x,t p ) Q 1 (x,t p ) 5A(x,t p ) Q(x,t p ) T 1 (x,t p ) 



STR 



The actions i SD£T [f, ^ 0) ; j] , A/„ [f, a^ 0) ; j] (14.3914.4011 of the super-determinant and bilinear source 
fields in (|4.33j) are determined by the super-matrix 0$ b a . s , a(t p , t' q ) (|4.41I4.22|) with diagonal part TL + 
^-2Nx2Ni the source matrix J7(T _1 ,T) and the gradient operator ^Tj^T -1 , T) 

' ' (U " ^ ' f ' ' ' V (4.39) 



A SDET [f,a^;j] = ^J c ^Vp^STR[ln(d^^tp,t' q ) 



Aj+ [f, 4 0) \J]=^gj dtp dt' q K x (4.40) 

x,x' 

x J+> (a*, t' q ) I K (fix", t' q ) 6- s }$^ a , (t' q ,t p ) f~\S, tp)) I J^ a (x, tp) 



&x,a;x' ,/3^P> ^g) 



(h + ct^ i 2N x2 N ) + (f-\x,tp)HT(x*,t' q )-H) + (4.41) 



f-\x, tp) I K r, p -ff- n q KIK f(x", t' q ) 
l 7(f- 1 ,f) 



(ip, i g ) 



In order to perform the gradient expansion with <57i(T , f), we have to consider the appropriate Hilbert 
space of the gradient operators dp, iH d/dt p in combination with the Hilbert space of the self-energy 
following from the dyadic product of the doubled super-fields ^% a (t p )- 



4.2 Hilbert space of gradient operators and their representations 

We have to determine how the gradient operators di and ihdt v act on the coset matrices T and on the 
self-energy (Tq m the operator O (|4.4ip with ^(T" 1 ,T). One can consider some representation as the 
time-coordinate space where the operators T, Q, <5A, are defined to be diagonal in the time-like 
and spatial variables and are given by the super- matrix fields T^{x,t p ), Q^(x,t p ) and the scalar fields 

5X a (x, t p ), <Tp\x,t p ). However, it has to be taken into account that the inverse square root of the super- 
determinant follows from integration over the bilinear fields which are doubled by their complex conjugates 
i)% a (t p ). Consequently a Hilbert space for ipx,a{tp) with 'kef \ip a ) has also to be doubled by its 'dual' 
space \ip a ) = (i^a\ the 'bra'. The unsaturated operators di, thdt p are printed in boldmath in order to 
distinguish from the matrix functions (d^T), (iH dtJT) embraced in brackets, denoting the limited action 
of the derivatives on the prevailing coset matrix T{x,t p ). These 'saturated' gradient operators are not 
involved in further derivative actions on matrices or fields outside the braces and are therefore not printed 
in bold letters. 



44 



4 GRADIENT EXPANSION INTO DENSITIES AND ANOMALOUS TERMS 



The detailed structure of the Hubert space with its doubled dual part (ip a \ = \ip a ) is important because 
the doubled operator H (|2. 55112. 57|) applies the transpose H p (x,t p ) in the '22' block instead of H p (x,t p ) 
as in the '11' part. An operator in quantum mechanics is defined by the mapping and the space on 
which it acts. Completely different results can follow if one considers for one and the same mapping of 
an operator different spaces where the operator transforms the prevailing states. The coherent state path 
integral (|4.33|) follows by integration over the doubled super- fields ^% a (t p ) from (|4.27|) . The corresponding 

~a( = l/2) 

doubled abstract states \ipa) with angular momentum label a, (3, 7, . . . are defined in (I4.42| 

•£-w-(fcaj)«P3^-(^:) 

The appropriate abstract Hilbert space has to be introduced for the definition of the operators di, ihdt 
in the super-determinant Asdet and Aj^ (|4.39M.41j) . According to the doubling with the dual part 

- a=2 



IV'a) = (V'qL we have an antilinear property in the second part \ip a ) 

/ c\il> a ) \ 

c¥ a = J^r ceC . (4.43) 

Furthermore, we simultaneously have the super-unitary and 'anti'-super-unitary representation of U(L\S) 
in the '11' and '22' block, respectively. This is in accordance with a theorem of Wigner that a symmetry 
in quantum mechanics can have unitary or anti- unitary realizations |50j . The corresponding Hilbert space 
for spatial and time variables has therefore also to be doubled with the antilinear part 

-o(=l/2) / \x,t p ) a=l 
x,t p ) = ( ^_ a=2 I (4.44) 

(t p \t' q ) = S p . q 5 tp ,t' q {X\tf) = (W 

HIO - ^ q 8 Wp< (k\k'J = <% i& (4.45) 

{t p \ujq) — S p . q exp{— lujptp} (x\k) = exp{i k ■ x} 




. -a 5 -» _ — 

2 , \X,t p \k,Lo q ) = (x,tp\k,Uq) + (x,t p \k,uj q ) (4.46) 



a=l,2 



(x,tp\k,uj q ) = Sp^ q ex.p{i(k ■ x - Up ■ t p )} (4.47) 



{x,t p \k,uj q ) = (k,u) q \x,t p ) = ((x,tp\k,LJ q )) — 5 p . q exp{-i(fc • x - uj p ■ t p )} . (4.48) 

The total unit operators with the unitary and anti-unitary parts are listed in Eqs. (|4.49l4.50p for time and 
energy states with spatial coordinates. We have to combine the contour integrals of forward and backward 
propagation with the contour metric rj p= ± = ± (I2.23| so that the defining relations (14. 44114.48]) exactly 
match with the properties of the unit operators (|4.49I4.50|) 

x a=l,2 



At V A 



i - ( 111 ) - ( M< ^' ) - 



4.2 Hilbert space of gradient operators and their representations 
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hdupVp M' 



a(=l/2) - -_a(=l/2) 

(X,U)r,\ 



M 1 



2?r ft 



L 

Ax 



The space-time and space-energy representation of the abstract doubled 'super '-Hilbert states (|4.43|) are 
given in (I4.51l4.52p where the relations (|4. 44114. 4%|) are applied, including the anti-unitary second part 



{x,t p |* c 



(X,0J n 



(x, t p \lp a ) 
(x, tp\lp a ) 

(x,u p \ip a ) 
(x,u p \ip a ) 



a(=l/2) 



a(=l/2) 



tpx,ct{tp) 

{i) a \x, tp) 

(ip a \x,u> p ) 



o(=l/2) 



a(=l/2) 



a(=l/2) 



a(=l/2) 



(4.51) 



(4.52) 



- — a 

The scalar density a D operates on the doubled space-time state \x',t' q ) as in the well-known case of an 
annihilation operator on coherent states, but one has to incorporate the contour metric r\ q and has to 
consider that the resulting coherent state field {x 1 ,t' q ) only takes real values (|4.53| . This additional 
contour metric r\ v has to be taken into account for the one-particle operator H, the self-energy density 
dp and STi^p because these operators appear in the original coherent state path integrals and only lead 
to diagonal matrix elements in the time contour due to a missing disorder. An ensemble average with a 
random potential would include non-diagonal terms in the total self-energy concerning the time contour 

additional contour metric in the considered case without disorder 



However, the abstract operator action with the anomalous parts Y£p in T£p does not involve an 



°D 

rpab 
1 aP 



\x',t') 



% ^ 0) (f,t;) \x',t' q ) 



<4V,t;) G R 



& \t'q) — T^pix', t' q ) \x' : t' q ) 



(4.53) 
(4.54) 



Using the definitions (| 4.44j|4.4%|) of the abstract doubled Hilbert space, we can pursue the various steps 
for calculating matrix elements (x,t p \T^\x',t q ) from the generating operators Y£p, X a p, X^p m tne 
exponential of T. However, the operator X a p of the anomalous parts is constructed from two field operators 
ip a ip/3 so that matrix elements (x, t p \X a p\x' , t' q ) (|4.56l4.57p result in the expansion of T£p (|4~55|) . combining 
also Hilbert states with linear and antilinear parts 

(x,t p \T®p\x',t' q ) — (x,t p |(l 

= 8 a> b 8 a ,(i Sx,x' S Pt q 5t p ,t' q - 

8#.g> 8„.„ 8t„.t.i 1 6 a ,b 8 a p 




X a p(x,t p ) 



± 



(4.55) 



{x,t p \X a p\x',t' q ) 
W P \X^\x',t' q ) 



X a p(x,tp) 8s,x' 8p^ q St p ,t' q 
X a p(x,t p ) Sgtfi 8p^ q St p ,f 9 
(x', ~t' q \X a p\x, tp) — {X, tp\X a p\x , t q ) 



(x,t p \X a p\x',t q ) 

X a/3 (x,tp) OC (lpg, a (tp) 1pg,p[tp)) K 
X lp(x,tp) « (V£,a(*p) V&,/s(*p)) 



(4.56) 
(4.57) 

(4.58) 

(4.59) 
(4.60) 
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Summarizing the effect of the doubling of Hilbert states with the anti-unitary extension, we list the matrix 
elements of the density parts (|4.61I4.62[) . always containing the contour metric t] p , and the pair condensates 
(|4.63p . as derived with the properties (|4.56M4.6U|) in the expansion (|4.55p 



(X,t p \H\x',t' q j = 5 a ,b 6a,/3 Sx,x< Vp $P,q $t p ,t> 



H p (x,t p ) 
Hjix^tp) 



(x,t p \{u + a$) i 2 JVx2AT + St^ b p \x' ,t' q ) = S^ SI T] p S PA 6 tpit ' x 



x ((u(z) + a ( °\x, tpj) 5 a>i 5 a , p + 5t a a b (x, i p )) 



(x,t p \T^\x',t' q ) 



ah 

4.61) 
(4.62) 



(4.63) 



The source fiel d J^,. a (x, t p ) for the BEC wave function and the source matrix J^L for generating observables 
are defined in (|4.64l4.65p for corresponding doubled super-states and super-matrices 



jip;a {x, tp) 



a ^ ^J ab (t t' ) 

3z,a;x' ,fi{tp,t q ) = (x,tp Juf] I ^'q ) — I K 7] p j^. T] q K I K 



(4.64) 
(4.65) 



The definition of the unit operators (|4.49l4.50p with contour integration and additional contour metric 
can be transformed to a trace relation as one can change the unit operator 1 = J2 n l n )( n l °f a complete 
set of states \n) in ordinary quantum mechanics to a trace relation tr[. . .] = ^2 n {n\ . . . \n). However, we 
have to distinguish between the 'Nambu'-doubled trace Tr[. . .] (|4.66p with the anti- unitary second part 
(£, tp\ . . . \x, tp) and the ordinary trace tr[. . .] also with contour integration, but without the 'Nambu'- 
doubled anti-unitary part 



Tr 



dt 



-Vp^N ^2 (^>*p \---\x,t p ) 



(4.66) 



a=l,2 



r dt+ v-^ >r x re— a , ,^—r a f°° dt_ v-^ ,, x re— a , 

•J — OO -* ,-. i o J —OO -f ,-, i o 



\x, t-) 



a=l,2 



a=l,2 



tr 



dt, 



77 P ^7V (x,t p \ ...\x, tp) 



(4.67) 



/ ^-Y,M {x,t + \---\*M) + J \Y^N {x,t_\...\x,t_) . 



The actions Asdet, Aj 



of the super-determinant and the bilinear source fields consist of the 

(o) 



operator O (|4.41[) with one-particle part H, the scalar, real self-energy density a D and the part AO for the 
gradient expansion SHif- 1 ^) and the source term J(T~ X ,T) H4.71H4.74p . Note that the actions Asdet, 
A,j^ in (|4.69|4.70p are given in terms of traces of the doubled abstract Hilbert space and the corresponding 
doubled scalar Hilbert product 



Z[J,J^,i J^] = / d[ajp(x,t p )] ex p|^"^y ^E 17 ^^^^'^^} 

d[f-\x, tp) df(x, t p )} exp {z A [f] } 
exp { - Asdet [f, ^ ; j] } exp {i A. h [f, a { ° ] ; j] } 



(4.68) 



4.2 Hilbert space of gradient operators and their representations 
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Yd. [6 /N 



6 IN 
AO 

SH{f-\f) 
J(f-\f) 



1 , 1 i - — - A A / \ — X'ba A A - — - 

2 E E ^<^ J * r (°/^L 

a, 6=1, 2 a,/3=l 



6H(f-\f) + J(f-\f) 

f- 1 n f-n 

f- 1 I K fj 4r f)K i kf . 
N 



(4.69) 
(4.70) 

(4.71) 

(4.72) 
(4.73) 

(4.74) 



One has to remember the distinction between E p T with unsaturated derivative operator E p which acts 
further to the right or left and the saturated derivative E p in (E p T) where (E p T) is just the time derivative 
of T without further action to the right or left. Similar results hold for diT and the spatial derivative (diT) 
of T. The appropriate steps for the gradient operator SHlT^ 1 ,T) from Eq. (|4.75[) to (|4.8ip are briefly 
tabulated with the needed commutators (|4.80[) . the additional metric S (|4.76[) and the operators 



SHif- 1 ^) = t _1 nf -H = f~ 1 



Hi 



T-fj 



Hi 



S = 



f- 1 r?( -S E p - did^ f - ? )( -S E p - did^ 



H n 



E r , 



-E p + h p 

d 



%h — = %h dt 



-E n 



di = 



d 



'1m dx i 



h p {x) 



— + u{x) Mo 



1 e. 



di , T 
di T 



(djf) 
(dif) 



Tdi 



f- 1 , di 
f- 1 a 



f- 1 (dif) f- 1 
diT- 1 



5H(f-\f) = -hlf- 1 S (Epf) + f- 1 (didif) + (f- 1 ST-S)E p + 2f- 1 (d l f) d, 



(4.75) 

(4.76) 

(4.77) 
(4.78) 

(4.79) 

(4.80) 
(4.81) 



We have to perform an expansion with operator AO (|4. 72114. 74"|) of the actions Asdet, Aj^ (|4.69l4.70p 
and take into account terms up to (AO) 2 . We exclude the doubled operator (H + 6^ 12Nx2n) from 
the operator O (|4.82p and thereby introduce the Green function (|4.83p , composed of two block diagonal 

Green function parts, including the transposed form (5^°^ [o' < ^}nxn) T for the anti-unitary section. The 
transposed Green function in the '22' section differs from the Green function in the '11' part by the opposite 
sign of the 'time' operator E p , due to the anti-symmetry under transposition 



1 

N 



O/N = i- r [U + af l 2Nx2N + AO 



(4.82) 



N 



D 12^x2^ ) X 



G (0) [ct^ 0) ] (j(f- 1 ,f) + SH(f- 1 ,f) 



AO 

g (0) [^ 0) ] = (n + a^ Un^n)" 1 = (-vs Ep + (fih p + a^) i 2JVx2JV ) 



(4.83) 
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5 (0) [4 VxiV = 
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,(0) 
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s(0J 

7 D 



D \NxN) 



>-NxN 



(4.84) 
(4.85) 



We consider the first three terms in the expansion of the logarithm of the super-determinant with AO and 
with the Green function G^fa^]. The expansion of the inverse operator (0/7V) 1 (|4.87j) up to second 
order in AO is listed in Eq. (|4.88|) for the action A,j ^ of a coherent BEC wave function 



A S DET[f,a { ° ] -j] = -Tr<{ STR 



ln((H + 4 0) )/7Vx [i + #°>[*<°>] 



AO 



(4.86) 



-Tr<! STR 
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STRfAO G<°)[4 0) ] AO G(°)[4 0) ] 



i T r 
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STRfAO G (0) [<t 



D 



±.. 



ON) = N 



(4.87) 



i + GW[^ 0) ] AdJ G^[4 0) ] 

(4.88) 



a, 6=1, 2 a,/3=l 
Af=L + S 



+ 



a, 6=1, 2 a,/3=l I 

(J^^iKf G(°)[^ 0) ] AO G(°)[^ 0) ] f- 1 /)^|j£) + 
E^W(^* (AO G(°)[^] 



2 „ _\ 6a . . 

/ pa r 



In the following sections l4.3H4.6l the gradient operators 81hL(T 1 ,T) in AO of Asdet, Aj lf> have to act on 
the super-matrices T, T _1 and the real self-energy density field so that the gradient operators saturate and 
derivatives of the matrices and scalar density appear. The given definitions of the doubled Hilbert space 
have to be applied with anti- unitary second part; however, we also introduce an averaging of the gradient 
actions where the coefficients, multiplying the derivatives (piT) , (E p T) of coset matrices, result in terms 

of the scalar density field a^\x,t p ) and trap potential. These coefficients, determined by <j^(x,t p ) and 
u(x), are averaged by a coherent state path integral with the real self-energy acting as a background field. 

4.3 Effective actions for the anomalous terms with averaged Green functions 

of a^\x,t p ) 

We shift the first term in the expansion of the logarithm in As d et (|4.86|) to a coherent state path integral 
Z\j^; <t^] with the scalar density field (x, t p ) and also include a term with j^ a (x, t p ) for the generation 
of a coherent BEC wave function (last line and last factor in (14.90|) ) 



1. 



-Tr<^ STR 



bxft + a^/Af \ = (L-S)tr 



In ( fj( - E p -i e p + h u(x) - ^ ) + a 



(4.89) 



4.3 Effective actions for the anomalous terms with averaged Green functions of a^\x, t p ) 
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x exp I - (L - S) tr In ( fj( - E p -i e p + — + u(x) - /i ) + o^' 



(4.90) 



^ a— 1 

The scalar density field (x, t p ) in Z[J, J^, iJ^j,] ()4.90p functions as a background field for the effective 
coherent state path integral Z[J, J^,iJ^-,T,djj] with gradients of the anomalous terms. This averaging 
process is formally denoted by relation (|4.91|) for the coefficients of gradient terms with field a^ ' 

■S°h w 7f *7 t „ t ^(°) X 



Z\J , Jjp, iJjpip', T 



(4.91) 



to a coherent state path integral 



Since we have moved the lowest order terms of Asdet, Aj^ 
z \J^^d] (111501) for a background field c^(x,*p), the actions A' SDET , A'j^ (j4.92l4.93p and also Aj [f] 
remain to be averaged by Z\j$; (14.9ip 



A'sdet[T',J'] — {•A' SDET [T,cfjJ;j'] 



= -( Tr 

.(o) 2 



STr/aO G (0) [a ( n 0) 



(4.92) 



STR(AO G(°)[4 0) ] AO G^[a ( ° y 



± 



S30 



17 D 



(4.93) 



+ 



Z\J , </,/,, iJ,/jjp] 



\Z\ji,; a^} j d[f-\x, t p ) df(x, t p )] exp {i Aj^ [f] } 
exp { - A' SDET [f , exp ^ [T, ; j] } j 



(4.94) 



As already introduced in relation (|4.91[) . the braces (. . .).(o) are used to mark the averaging process with 



the coherent state path integral (|4.90[) of the density field (x, t 



( functional of en? (a?, t p ) with gradient terms ) 



(4.95) 
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X 

exp | — (L - S) trln ^77 ( - E p -% e p + ^— + u(x) - /i ) + cr^'^ 



exp 



N=L+S 

sr 



/ j^{j\i);a \v [<?£^] v\j-<l>;at) \ x Afunctional of affi (x, t p ) with gradient terms j 



Finally, the average of the exponentials of A! SDET , A'j is approximated by the exponentials of the averages 
over the actions (|4. 9214.93ft 

Z[J, JfrtJw] = / Af-^x, t p ) df(x, tp)} exp {1 A [f] } (4.96) 
x /cxp{-A' SDET [f,a^-j}} expiiA'j^ta^-J]}) 

w J d[f-\x, tp) df(x, t p )} exp [f ] } 

x expj-^W^^;^).^} ^p{ t (^Jf,4 0) ;j])^ o) }_ 

One has to distinguish between unaveraged quantum fields a^\x,t p ) as integration variables on the time 
contour where it holds in general that a^\x,t + ) ^ a^{x, i_) and averaged 'classical' fields a^(x, t) = 
(o) = (0$ (x, t-)) & ( ) with equivalent fields on the time contour for hermitian actions. Further- 
more, there is the analogous difference between the unaveraged Green function term (x, t p \& ^ [ct^] \x' , t' q ) 
as a term in a path integral of a^\x, t p ) and the averaged correspondence ((x, t p [G^ [<rj?] \x' , t' ) }_<o) as a 

classical term; instead of averaging the pair condensate path integral Z[j ', J^, i,J^\ T, cr^] (|4.91ft over the 
mean density, one can also use a saddle point approximation for Z\j^; cr^] with leading to a classical 
solution (x, t) as the result of a mean field equation. This saddle point approximation is particular 
applicable in d — 2 spatial dimensions for the determination of averaged coefficients with the trap potential 
u{x) and the density field {x, t p ). The classical field solution er^' (x, t) and the averaged 'classical' Green 

■ — — CL ^ { c\\ — — ^ I c\\ 

function ((x,t p \G(°> [a D } \x' , t' } }.<o) can be improved by considering quadratic fluctuations 5<j d (x, t p ) 

around u^(x, t), e.g. as second order variation of the actions in Z^^cr^'] with respect to Scr^ (x, t p ). 
The first order variation has to vanish because (x, t) is the result of the saddle point equation 

0$ (x, tp) = (a^ (x, t p )) am + Sa^ (x, t p ) = (x, t) + 5*$ (x, t p ) . (4.97) 



4.4 Propagation of fields ^g a {t p ) and pair condensates dt^^x, t p ) with cr^(x, t p ) 
as environment 

In subsection 14. II we have removed the density parts 5T, D a, . a g(x, t p ) or hinge functions as subgroup U(L\S) 
of Osp(S, S\2L) from the super-determinant Asdet (14.39ft and from the term Aj lf> (|4.40ft for the BEC wave 
function. Subsection 14.21 contains the definitions for a Hilbert space of gradient operators and the doubled 
abstract states \ip a ) with antilinear second parts (|4. 4214. 43ft . In subsection 14.31 we have introduced the 
coherent state path integral Z\j^,;a^} (|4.90ft with the real, scalar density a^\x,t p ) as background field 
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for the gradient terms in A' SDET , A'j (|4.92I4.93[) where the averaging with ZU^a^] P"9"0|) is formally 
denoted by the braces (. ..).(o). 

In continuation of principles for a gradient expansion, we state that a 'Nambu'-doubled field a (t p ) 
propagates with the block diagonal, doubled Green function G^[a^], averag ed by Z[j^; a^} (14901) . The 
reasons for this property of propagation can be verified by differentiating Z[j^,; o - ^] (|4.90[) with respect to 
the super-field tj)Z', ^{t'^) and by using a representation of (|4.90p where the bilinear terms V^'^g) ■ ■ ■ q(*p) 
are still present with the quadratic term of the self-energy from the HST 

^'-(^O'-X^ss^-^^ ) b 

(4.98) 

This principle has to be used in the expansion of A'j (|4.93|) where one starts to propagate with the source 
field J%. a (x, t p ) on the right hand-side of the action for the BEC wave function. It replaces the wave function 
a (t p ) in (|4.98p . However, the propagation of fields with relation (|4.98[) is not applicable for the action 
A'soEr (|4.92j) because of the cyclic invariance of traces, both of the super-trace 'STR' and the Hilbert state 
trace 'Tr' of 'doubled' quantum mechanics. The trace 'Tr' means a propagation back to the same space 
point. This property is not included in rule (|4.98|) where we have a propagation of the source field J^, a (x, t p ) 

(as a 'condensate seed') with repeated application of G^[a^] to the left hand-side J^ h p{x' ,t' q ) in the 

action A'j (|4.93p . We generalize rule (|4.98l) for the propagation of arbitrary fields (f a (x, t p ) ; f*(x, t p )) T ' a 
(a — 1, . . . , N = L + S) and list in Eqs. (|4.99M4.10"Tj) also the propagation for the splitted parts f a (x,t p ) 
and its complex conjugated field f*(x,t p ). The doubled fields (f a (x, t p ) ; f*(x,t p )^j ' a can be identified 
with the fields in the various steps of propagation in A'j^ (|4.93() with G^[a^], starting from J^,, a {x,t p ) 
on the right hand-side 




(4.99) 
(4.100) 

(4.101) 



Since the determining operator O = Ti. + &^ ■ l2N*2N + AO is normalized by the energy parameter 
Af = Ml M x throughout the gradient expansion (|4.71I4.82|) . the appearance of every Green function involves 
a normalizing factor Af. 

Apart from the average of a single Green function in (|4.98ti4. lTTTj) , we have to find principles for averages 
of products of Green functions with the self-energy field a^\x,t p ) and possible factorizations. Since the 

field Of) {x, t p ) ex X^=i a (tp) ips,a{tp) has the property of a U (1) invariant density it can only describe 
the noncondensed, incoherent parts of the atomic constituents 

(x, t p ) oc number of ^noncondensed bosons t p ) — noncondensed fermions np(x,t p )j . (4.102) 

Therefore, we only assume spatially short-ranged correlations for {x,t v ), due to its property as being 
related to the noncondensed parts. Furthermore, we extend the central limit theorem for the variance of the 
assumed independent fields (x, t p ) to the averages over products of Green functions with Z[j^; &^]. The 
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expansion of A' SDET (|4.92p with trace 'Tr' only contains terms of the type which start at a particular time 
tp + Stp and propagate back to the same time t p over meantime t' q , t' q + St' q , including averages over products 



of Green functions (|4.103p . Due to the approximate independence of averages with a D (x, t p ) in Z[j^; a 
we factorize the average of the product of the two time contour Green functions in (|4.103p . Since each 
averaged, single Green function consists of a contour Heaviside function Qc(tp ~t'q~ ^'), Qc(t' q — tp — dt p ), 
but with counter propagating time contour arguments, the total propagation from t p + St p back to t p in 
Eq. (|4.103p can be neglected in the action A' SDET (|4.92p with Hilbert trace terms 'Tr' 



(x, t p \gW [ag)] |f , t ' q + 5t' q ) (if, t'\gW [a^]\x, t p + 5t p ) 



(4.103) 



{x,t p \g^[a^}\x'X + 6t' q ) 



^,t' q \g^[a^]\x,t p + 8t p ) 



e c (t P -t'-st') 



&c(t'-t p -St p ) 



Although we have removed the density or hinge functions SlEfy. a p(jl, t p ) from Asdet and Aj 4l in subsection 

14.11 there can appear density-like terms in the gradient expansion, in analogy denoted by 5Il^g(x, t p ), but 

which are composed of the matrices T, T^ 1 , as e.g. in S7i(T , T). We relate a self-energy-like density 
matrix 8t^g(x\,lf q ) to the dyadic product of generalized fields f a (xi,t' q ) ® f%(x2,t' q ) for short-ranged 
correlations x% ~ xi and propagate this density with the average of the product of two Green functions 
according to the rules ()4.99M.10T|l and the approximation (|4.103p . The opposite time contour arguments 
in the Heaviside functions lead to a vanishing propagation of density terms in the action A' SDET (|4.92p 
with the Hilbert trace terms 'Tr' 



(S i,l/ q \SE a p\x2,lf q ) = rjq s Si,s 2 5Y, ap (x 1 ,t' q ) = r) q ST, Sua . s ^ p {t' q ) ^ _^ oc <q q f a {xi,t' q ) f* (x 2 ,t' q ) 



r at 

5t 1 a 1 (x,t p )=S± 1 s ] a:S ,, f! (t p ) ^ oc f a (x,t p ) t (af,t p ) = -^-rj q Af 3 £ x 

x—x' x—x' Jn fl — ' 

x ({x,t p \g^[a^}\x u t' q ) (x 2 ,t' q \g^[a^,t p )) Vq Ux u t' q ) f;{x 2 ,t' q )\ 



Xl=X 2 

(4.104) 



(4.105) 



= 



;x 2 ,/3 1 ' Q 



(^M^l^WxA + K) (X2,t' q \g^a^]\x",t p + St p )y m « (4.106) 
\x,t p \g^a^]\x 1 ,l/ q + Sl/ q )) ((x 2 ,t' q \g^[a { ° ) }\x>,t p + 6tS 



<3>c(t p -t> q -8t> q ) O c {t' q -t p -8t p ) 

Conequently we can ignore pure density-like terms combined with the average of two Green functions in 
the gradient expansion of A' SDET (|4.92p . However, it is supposed that anomalous-like terms, related to 
self-energy-like terms ST^^Jx, t p ), remain in the gradient expansion. We regard the pair-condensate-like 

terms 5E^(x, t p ) as being composed of the dyadic product of fields fa(x > i,f q ) t £)f[}(x2,f q ) with short-ranged 
correlations (a?i rj X2) (|4.107p . Since the fields f a (xi,t' q ) <& fp(x2,t' q ) propagate to the same direction t p , 
we have the equivalent contour time arguments in the Heaviside functions of Green functions (|4.109|) . The 
propagation of f/3(x2,t' q ) refers to the transposed Green function with antilinear Hilbert space states so 
that anomalous- like terms, following from i57i(T _1 , T), propagate in the trace terms 'Tr' of A' SDET without 
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vanishing, due to the anti-unitary property in the '22' blocks 

{Xx,t' q \8t X ^\x-2 : t' q ) = Vq ^api^^'q) = Vq ,cc;S 2 ^'q) _ _ « Vq fa{xi,t' q ) fp{x 2 ,t' q ) 



Xl=X2 

(4.107) 



f dt' 

5^(x,t p )=5^ a;S ,^(t p ) ^ <xf a (x,t p )f /3 (x',t p ) = -^Vq^ 3 J2 x ( 4 ' 108 ) 

X — X' X — X' J (J fl 

Xl,X2 

x ((x,t p \g^[a^]\x u t' q ) (x',t p \g^[a^]\x 2 ,t' q )) r lq f a (x u t') ff3(x 2 ,t') 

\ , -sltr^- v Is Si- 



(x,t p \g^[a^]\x u t' q +St' q ) {x 2 ,t' q + St' q 0°\a^Y\^tp)) = (4-109) 

= ^( a ?,i p |3 (0) [^ 0) ]|af 1 ,4 + ^) (x" > t p \g^[a^}\x 2) l/ q +St' q ^ 

= ^{^, i p |5 (0) [^ 0) ]l^i,^ + o)_ (n) ^<x',t P |g (0) [4 0) ]l^,t; + ^)y (o) ^0 . 

V v ^ V v ^ 

<x8c(t p -t' q -St' q y : of order N„ (a) oce c (t p -t' q -St q ); of order N„ (a) 

The propagation of the vanishing density-like terms and nonvanishing pair-condensates can be summarized 
by the dyadic products of 'Nambu'-doubled fields (|4.103M.109p . We introduce the doubled Green function 
£(0) |-p.(o)j f or ^(o)^(o) j an( j j^- s transpose (g^ [o^]) and obtain the combined relation (|4.110p where the 
anomalous- like parts (a ^ b, a\ ^ b\) are the only relevant terms for the propagation 



a^b 



ti££ s ,,e(t P )\ s=gi oc ( V ® ,t p ) ; Mx*,t p ) 



a^b 



(4.110) 



j ^ Vq ^Y, E ((^ Q iG (0) [4 0) ]iC^) ai (C? 9 bl iG (o) [4 0) ]i^) b ) 

C 2i,S 2 oi,bi=l,2 ^ ' * 

® (fp{x2,t' q ) ; fp(x 2 ,t' q ) 



fa {xi , t q ) 



r 













Apart from self-energy- like matrices in 5H(T 1 ,T) as JS^(x, f p ) (|4.110p . the unsaturated gradient oper- 
ators di, E p also act onto the Green functions G^[a^]. In the following we make repeated use of the 
commutation relation (|4.11ip which can also be transferred in analogous manner to the commutator with 
E p (l4~TT2l) 



flk,#°>[*j°>]] = -G(°)[4 0) ](^ + ^4 0) )G(°)[ ( T 
Ep,G^}} = -G^] ( Ep a^) G^[a 



(0)i 

r> J 



(4.111) 
(4.112) 



The derivative of a local self-energy-like matrix (<9i(5£^(ir, i p )) is considered as the derivative of a dyadic 
product (|4.110p where we only keep the diagonal term x ~ x' after action of the spatial gradient. We 
start out from the propagation in Eq. (|4.110p for the nonvanishing, anomalous-like terms and include 
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the gradient operator in the propagation of the averages of the product with two Green functions so that 
relation (|4.113p follows for the time-like extension from time t' q to (di8T/^o{x, tp)) 



(4.113) 



(fiWEg 6 (af, t p )) | = (ftJEg^tp) + mf^Ah) 
^ S1.S2 V 



bi 



(x,t p \G^[a^]\x^t' q ) (x 2 ,t' q \G^[a^]di\x',tp) 



fa {p*l J ^q) 



a^6 



One has to apply the commutator (|4. 1 1 If) two times so that the gradient operator di functions onto the 
dyadic product of 'Nambu'-doubled fields with arguments (xi,t' q ) and (x2,t' q ) which propagate to (x,t p ) 
and (x',t p ). We also only take the spatially local terms with (x « x') and {x\ m x^) and find relations 

(|4. 11414. 115|) for the propagation of (p i S'E'^ b (x, t p ))\ a ^ h in Hilbert state traces 'Tr' of A' SDET (|432]) where 
the density terms completely vanish in the case of averages of the product with two Green functions 



(d,5± a a f(x,t p ) 



9iStt%,^tp)+mz^A^ 



(4.114) 



dt' 



x (x 2 ,1/ q bl \G^[a^}\x',t p ) b y w - ^ p a \G^[a^]\i^) ai x 



x (i^Vi G (0) ^ 0) ] + G (0) [4 0) ] (9.« + 9,4 0) ) G (0) [^]|^") ] x 



fa(xi,t' q ) 



.61 



a^6 



(s^s^f (x, tp] 



<2f„ 



Vq M 3 (i^p a \G {a H^D ] ]\^X) ai &X 1 \&° ) 1*d]\*^ 1 ') x 



(2) tfaiA 



a^6 



+ 



11,12 \ 

x (i^ bl |G(°)[^ 0) ]|f^)^ w +(^ p a \G^[a^}\x^? q 



) x 



(4.115) 



4.5 



Expansion of the super-determinant term {A' SDET [T, <t}/ ; J\ ) . 
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x (x 2 ,t' q bl \6<®[&W] (ftfi + fl^g 5 ) G^[a^]\x',t p ) 



01/61 



We can summarize the propagation of anomalous-like matrices with the average over the product of two 
Green functions by using the definitions in subsection 14.21 for the doubled Hilbert space states with anti- 
unitary part. Relation (|4.110[) is abbreviated by (|4.116|l with the average of Z[j^;a^] for the two Green 
functions 



1 

M 2 



\f2 {%ltpj 



(^;ig(°)[4 o) ]^g (o) [4 0) ]i^> 



(4.116) 



Similarly, we reduce the rule (|4.115[) for the propagation of derivatives of anomalous-like terms to its 
abbreviated form (|4.117[) with the definitions of the doubled Hilbert space in subsection [ 



± (d i st^(s,t p ))\ a = (^ a \&Q[&<®] fist**) 

(iX a \G^] Stiff (ftfl + M?) G (0) [4 0) ]I^T> 



*(0) 



(4.117) 



U A j ~U 

It is of crucial importance to distinguish between matrix elements of the self-energy (x, t p |<5£^|x', t' q ) = 
Vp $p,q 3t p ,t' q &3,x' ^^(x,t p ) and matrix elements of the coset matrix (x,t p | [T" 1 (c^T)] ^a\x' , t' q ) = 
5 P: q 8t p ,t' t $x,x' [T ~ 1 (x,t p ) (diT(x, t p ))] ™o. The latter do not involve the contour metric fj as the matrix 

elements of the self-energy. However, the gradient term 5H(T~ 1 ,'f) = T" 1 H f - H (|4.75I4.81|) contains 
the 'Nambu'-doubled one-particle operator TL whose matrix elements include the time contour metric r) 
([4.6112. 55M2.57[) . Therefore, we have to substitute in relations (|4.1 04114. 117[) the (derivatives of the) operator 
<5£°£j of the self-energy by the operator f\ [T~ 1 (diT)]^ of the coset matrices having an additional time 
contour metric r). 



4.5 Expansion of the super-determinant term {A's D et ®d ; j\ )~ 



(<» 

D 



The rules of the previous subsection are applied to simplify the action (A' SDET [f,a ( ^;j]). w with the 

averaging of Z\j^,;d^] and the density a^{x, t p ) as background field. The gradient expansion results in 
an action A' SDET [T; j\ for the Goldstone modes with gradients up to second order in AO — <5W(T _1 , T) + 
J(T~ X ,T), including coefficient functions which follow from the average with Z[ H -a { ° ] ] (14901) over the 
background field crg^ (of, t p ) and its derivative 



A'sdet [T-J]=( A' SDET [f , 4 0) ; J] 



iTr 
2 



STR 



(a0 (G<°)[a 



(o)- 

D - 



+ (4.118) 



STR| AO G(°»[^] AO G' '^ '; 



± 



AO = 5H{f-\f) + J(f-\f) (4.119) 
6H(f-\f) = -riff- 1 S (E p f) +T- 1 (d l d l f) + (f- 1 ST-S) £ P + 2T- 1 (fyf) 0^ .(4.120) 



5G 



4 GRADIENT EXPANSION INTO DENSITIES AND ANOMALOUS TERMS 



We describe in this subsection details of the gradient expansion which may be left out and refer the 
uninterested reader to the resulting equations (|4.143M4. 14614. 135)) . (|4.15CHI4. 153)1 for the second order term 

(AO) and to the equations (|4.162|4.163M.169|) for the first order term. The mentioned results for the 
expansion (|4.118[) are obtained by consequent application of the rules for propagation, listed in subsection 

14.41 At first we consider the expansion of the second order term (AO) in A' SDET [f; J] 1)4.118)1 



Tr 



STR(AO G^\^d ] ] AO G^[a ( n 0) 



Tr 



+ 



2 ( Tr 



Tr 



STR y5H(f~ x , f) G^[a^] J(T~ 1 ,T) G (0) [«t^ 0) ] 
STR( J(f- X ,f) G (0) [^ 0) ] J(f-\f) G (0) [^ 0) ] 



(4.121) 



In the following we concentrate on the second order term (ST-C(T 1 ,fj) and keep only gradients up to 
second order in spatial derivatives and up to first order in the time derivative 



Tr 



STRUCT" 1 , T) G (0) [a^ 0) ] 5H(f-\f) G (0) [a 



«>)- 

D - 



(4.122) 



= 4 ( Tr 



7 D - 



4 ( Tr 



2 ( Tr 



2 ( Tr 



Tr 



STRU7 f- 1 (dif) di G (0) [a^ 0) ] f) f- 1 (djf) dj &V[a 
STR^fi f- 1 (dif) di G^[a { ^} rj (f- 1 Sf-S)E P G (0) [^ 0) 
STR^ f- 1 (didif) G (0) [a^ 0) ] 77 (f- 1 S f - S) E p G (0) [a^ 0) ] 
STR^ f- 1 S (E p f) G m [& { ° ] ] fi (f- 1 Sf-S)E P G (0) [<7^ 0) 
STR( fj (f- 1 ST-S) E p G (0) [<7^ 0) ] f] (f" 1 S f - S) E p G (0) [ct 



+ 



+ 



*(«>)• 

D - 



We list again the commutators of di, E p with G^ [a^] Q4.123I4. 124)1 and have to specify the transpose 
of gradient operators which we abbreviate by a common symbol T> ()4. 12514. 126|) . It has already been 
described in subsection 14.41 that the propagation of matrices with the product of two Green functions has 
only contributions for the anomalous terms in the Hilbert state traces 'Tr' as of A' SDET (14. 1 18|) . Therefore, 
matrix elements with a gradient operator and Green function can be changed from index a to b with a ^= b 
as in Eq. (|4. 127p where the commutator in (|4.127p can be simplified by relations 1)4.1^ 



Ep , <*W[*g)] = -#°>[*£>] M?) G^ ] ] 



(4.123) 
(4.124) 



T 



'■= di, E p , didj 



= -di 



-E rj 



didj = didj 



(4.125) 
(4.126) 
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7y q a \(vG^a^]) aa \i^;) a = (x>,t p |(£G(°>[4 0) ]) aa ' 



(4.127) 



^X b \(G^ i D ) ]) bb £7^)^ = &tp\V T G (0) [^ 0) ] + [G(°)[^ 0) ] , V T ] \x',t' q ) 



The most important part for the expansion of the Goldstone modes is determined by the first term with 
two spatial derivatives in (|4.122p 



TV 



STR( fjf- 1 (dif) 8i G (0) [ct^ 0) ] fif- 1 (djf) dj G [0) [a 



(0)- 

D . 



(4.128) 



0^6) 



'"" K N " E E' str (\f- l &tp) {d t f{x,t p ))] a ^ f-\af,t' q ) (djf(x>,t' q )) 

x,x' a, 6=1, 2 



ft ft 



/3a 



x /(^i/l ft G(°)[4 0) ]|f^j b <a-',f/| ft G(°)[4 0) ]|f^T) a \ 

\ / ai 



The second matrix element with spatial gradient operator ft and Green function in (|4. 128|) is transformed 
with relations (14.1^ 



(x',t' q \djG^[a^]\x,t p ) 



(4.129) 



rr p b \ dj g(°)[4 0) ] + g(°)[4 0) ] (3^ + a^<°>) g(°)[4 0) ] 1^)' 



Substitution of Eq. (|4.129|) into (|4.128p yields relation (|4. 130[) where we exchange the doubled, diagonal 
matrix element, given by the first line in (|4.131|) with index b, to the transposed form having diagonal index 
a (with a ^ 6, a, b = 1, 2) 



TV 



STR^fjf- 1 (dif) di G (0) [^ 0) ] fjf- 1 (djf) dj G (0) [a^ 0) ] 



(4.130) 



dtp dt' q 



(ajtb) 



a,/3 



X 2 E E s } x a [ T-\x,t p ) frf fat,)) ^ f~ 1 (x',t' q )(d ] f(x',t' q )) 



a^b 



x,x' a, b— 1,2 

-6 /. 

' 9 



/3a 



x( (a?, t p | ft GW [<^ 0) ]|lvO (z, t p | dj G(°) [4 0) ] + G<°) [4 0) ] (ftu + ft-4 0) ) G(°) [4 0) ] |x'X> 



-(0) 



(dju + dja^) G(°)[4°)] fc£>' 



(4.131) 



The matrix element ofEq.gTSTJ) can be reduced to ((d' j u(x')+d' j (T < £ ) (x 1 ,1? q )) (iv^°| G^ct^'] i7v) Q )^(o) 
or to ((x',t' q | G(°)[<t^] |x,tp) (dju(x) + dj(Tp\x,t p ))) .(o) according to the rules in subsection 14.41 with 

remaining Green functions for propagation of derivatives of the coset matrices T^ 1 , T . Apart from matrix 
element (|4.131[) , the gradient expansion for (5H(f~ 1 ,f)) contains the average of two Green functions each 
multiplied by a spatial gradient operator (|4.132p . We also transform this matrix element with (|4.127p and 
have to take into account that the range of saturated operators di, dj (without bold letters) is restricted 
to the prevailing braces, as e.g. in (pi dj . . .) 



(x,t v | di G^[a^]\x^X) (x,t p | dj G(°)[^ 0) ]|SVO 



,(0) 



(4.132) 
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{a * b) '\ (m (0X b \ \f^ b ) (wy q a \ g^] \^) a 



- l -t^j b \ &i a, g (o) [4 0) ] \fX b W? q a \ g (0) [4 0) ] iCg" + 

i(^? p b | G(°)[^ 0) ] Wy q a \ G(°)[4 0) ] dj \^) a y 



a^b 



Insertion of (14. 131I4.132|1 into (|4.130[) leads to Eq. (|4.133p which consists of three super-trace parts 'str' or 
three 'Nambu'-doublcd super-traces 'STR' with a j^b. The doubled Hilbert space states of matrix elements 
in (|4.133p are classified by the number of unsaturated spatial operators (see (14 .1 34114. 136[1 ). The first super- 
trace term in (|4. 133|) with matrix element Gg^"- (|4.134|) does not involve an unsaturated spatial gradient 
whereas the second super-trace has one (C^°(fl!j), (|4.135p ) and the third super-trace part incorporates 

two spatial unsaturated operators (G^"-(f?i, dj), (|4. 136|) ) . We list these matrix elements in (|4.133[) with 
increasing order of unsaturated spatial gradients in following Eqs. (|4. 134114. 136|) 



Tr 



STRU f- 1 (dif) 8i G (0) [^ 0) ] fj f- 1 (djf) dj G (0) [(7 



(a#6) 



i: (4.133, 



str 

a,/3 



\x,t p ) (a i f(s,t p ))] a ^ [\ (d,d 3 c%i)+c% a {di) \ cf^idi, 



d. 



x a, 6=1, 2 
/3a 



G 



/3a;j 



(x,t p U \ G(°)[4 0) ] r) f- 1 (§,f) #°>[*<°>] |f^T) 



see Eq. (|BT4|) 



(4.134) 



Cg"(fli) = 



b^a 
0c 

see Eq. (fBTT6|) 



(4.135) 



Ct-i&idi) = (&tp\ di dj G(°)[^ 0) ] r) f- 1 (djf) ^ G(°)[^ 0) ] 



/3 a 



(4.136) 



+ {x,t p \ GW[4 0) ] t) If' 1 (djf)] Ma GW[4 0) ] 0* dj \x\t^) 

L J /3a 



= see Eqs. (TB. 20|B.21j) 



In appendix[B]we describe how to simplify these matrix elements (|4.134ti4.136[) with the rules for propagation 
defined in subsection 14.41 and with the corresponding commutators between gradient operators and Green 
functions. We include the results of transformations (|B.14|B.16|B.20fB.21j) for the matrix elements (|4.134I 
I4.136|) from appendix [B] and obtain the approximation (|4.137IB.28|) for the expansion of Goldstone modes 
which is restricted to second order derivatives of (dif(x, t p )) , (djf(x, t p )) . The trap potential u(x) and self- 
energy field c>£) (x, t p ) are summed up to the field v(x, t p ) — u(x)+(Tp (x, t p ) which appears as dimensionless 
quantity v(x, t p ) — v(x, t p ) /TV in the coefficient functions, scaled by the parameter N — (h/ At) ■ (L/Ax) d 



Tr 



STRf fj f- 1 (dif) di G (0) [^ 0) ] fj f- 1 (d 3 f) dj G (0) [a 



(4.137) 
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dtp 1 ^ — ^ v -\ 

° x a,b=l,2 



str 

ct,/3 



x 2 ({div(x, tpfj^djv^^tp^j - (didjv(x,t p )j\ + 



str J [f-^f.tp) (dif(x,t p )) 

& / 2 

( (dkv(x, t p )j + (d k d k v(x, t p ) 



f-\S,tp) (d t f(x,t p ))] a ^ b If-^x^tp) (djf&tp)) 



6^a 

,9a 



6^a 
/3a 



a^6 r 



f" 1 ^,^) (dif(x,t p )) 



In Eq. (|4.137|) the total doubled super-trace 'STR' is limited to the super-trace 'str' over angular momentum 
states of bosons and fermions and to the summation over the anomalous terms with a ^ b. This is in 
accordance to the introduced rules of propagation for products of Green functions in subsection 14.41 In 
order to replace the super-trace 'str' by 'STR', the super-matrix Z(x,t p ) (|4.138p is defined with metric 
S a = { + 1 for a = 1 ; -1 for a = 2} (147751) 



Z(x, t p ) = T(x, t p ) S f 1 (x, t p ) 



(4.138) 



Using the derivative (|4.139p of Z(x,t p ), the partial super-trace 'str' in (|4. 137[) is related to a complete 
super-trace 'STR' with (diZ(x,t p )) whose summations are also lastly confined to the anomalous terms or 
pair condensates 

* P )) - (dif(S,t p fj Sf- 1 (x,t p )-f(x,tp)Sf- 1 (x,tp) (diT{x,t p )) f-\cc,t p ) (4.139) 



STR 



(diZ(x,t p )^ (djZ(x,t p ) 



(4.140) 



= 2 STR 

a,a.;b,{3 

- 2 STR 

a,a.;b,{3 



T-\x,t p ) [diT(x,t p )) ST- X (x,t p ) (djT&tp)) S 
f-\x,t p ) (d t f(x,t p )^j f-^x.tp) (d 3 f{x,t p ) 



= -4 V str J f-^tp) (dif(x,t p )) f-\x,t p ) (djf(x,t p )) 



a^b 



b^a 

/3a 



The matrix Z(x,t p ) of coset matrices T(x,t p ) is invariant under subgroup transformations U{L\S) with 
Q(x, tp) because Q(x, t p ) commutes with the coset metric S (|4.14ip . This verifies the assumed spontaneous 
symmetry breaking of the group Osp(S, S\2L) to Osp(S, S\2L)\U (L\S) (8 U(L\S) and the extraction of the 
corresponding Goldstone modes in a gradient expansion 



Z (x,t p ) 



f (x,t p ) S f Q 1 (x,t p ) 

f(x 7 t p ) Q~ 1 (x,t p ) S Q(x,t p ) r _1 (f,fp) 



(4.141) 



Q{x,tp) , S 







(diZ (x, t p ) 



Z(x,t p ) ; 

diZ&tpj) ( 4 - 142 ) 
dif (x,t p )) S f ~ 1 (x,t p ) - f (x,t p ) S TQ 1 (x,t p ) (dif (x,t p )) f _1 (x, i p ) . 



We summarize the result of the purely spatial gradient expansion of order (<57i(T 1 , X 1 )) in A' SDET with 
the averaging over a background field <jp (x, t p ) in the coherent state path integral Z\j^;a^ ]. Finally, 
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we obtain relation (|4. 143ft with coset matrices Z(x,t p ) for the pair condensates and coefficients c l; >(x,tp) 
following from averages over the background field <jp\x, t p ) in the trap potential u(x). These are scaled 
to dimensionless quantities u(x), a^\x, t p ) with energy parameter N — TlVL Af x , (Af x = (L/Ax) d ) 




(0)- 

D . 



8TR\Sft(f-\f) SH(f-\f) G ( V[& 



(4.143) 



c ^ (x, tp) 
^' ^ (x, tp) 



■ ^ (x, tp) 



v(x,t p ) 



(x,t p )+cW{x,t p ) (i,j,k=l,...,d) 
2( (didjv(x,t p ))j ^ - <5ij ((dkdkVn\x,t p ) 



k=l 



= 2( a 



/ ~ 

51 ( ( d kv(x,t p ) 



fe=i 



(4.144) 
(4.145) 

(4.146) 



We have separated the effective coefficients c^(x,t p ) into one-point parts c^ 1 '™ (x,t p ) with the average over 
a single field cr^ (it, f p ) and transport- or two-point- functions with the average over two background fields. 

In the two-dimensional isotropic case d = 2 of spatial coordinates, one can neglect the transport co- 
efficients c' 2 ' :4J (x, t p ) w and has only to consider the one-point coefficients c" 1 '^ (at, t p ). These can be 
acquired by a saddle point or mean field equation so that a complete average with Z\j^,;a^] (|4.90p is 
not necessary. Therefore, the two-dimensional case allows further approximations for determining the 
coefficients c y (x, t p ). 

Apart from simplifying the coefficients c lJ (x, t p ), the two-dimensional case of the action (|4. 143(1 is 
conformal invariant under spatial transformations, even including the measure d[T _1 (x, t p ) dT(x,t p )\. 
The measure of the coset space is invariant under subgroup transformations with Q(x, t p ) in analogy 
to the invariance of Z(x,t p ) for U(L\S). However, the spatially two-dimensional case has even more 
structures between conformal invariant action with (piZ{x, t p ) J (|4.143|) and the invariant coset measure 
because both are determined by the metric tensor Gq sp \u 01 the coset space Osp(S, S\2L)\U(L\S). The 
invariant measure for the coset space is given by the square root of the super-determinant of the metric 

~ 1/2 

tensor (SDET(G 0sp \(y)) , and the action (14.143[) is specified by a bilinear relation with the metric tensor 
Gos P \u an d the independent parameters of the coset matrix in the two-dimensional case of conformal 
invariance 



T Q (x, t p ) 
d[T _1 (f, tp) dT (x, tp)] 

T~ x (x, tp) dT(x,tp) 



T(x, t p ) 

d\T-\2,tp) df(x,t p )] 



ba 


bj^a 


-(da K {x,t p )) y-w 


ba 


b^a 


pa 






Pa 





(4.147) 
(4.148) 

(4.149) 



Therefore, concerning the second order gradients in the expansion, the approximated generating function 
with A! SDET can be reduced to Gaussian integrals by combining the metric tensor in the action (|4.143|) 
with the metric tensor as a super-determinant for the invariant coset integration measure. This dependence 
has to be expected for extracting Goldstone modes in a SSB. 

It remains to disentangle the terms with an unsaturated operator E p for the time development in 
the second order expansion of (5n(f- 1 ,T)) in A' SDET (compare (|4.122l4.12lj) and gUBJ) ). Using the 
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Gl 



commutators (|4.123I4.124|) . we can approximate the terms with gradient operator E p in (|4.122[) to relations 
L53p where one has to apply similar transformations as in the derivation of the term with two spatial 



STR^ry f" 1 (d t f) di G (0) [<r^ 0) ] fj S f - S) E p G (0) [«t^ 0) ] 



V (Epcr^ix,^)) str/ff-^^tp) (dif(x,t p ))] a7tb \dif-\x,t p ) ST(x,t p ) 



0a 



Tr 



STR^f- 1 (^^[^^(r^T-^pG^^'lj ) (0) «-/ c X^E ( 4 - 151 ) 



(a/b) 

V {E p a { °\x,t p )) stri f ^(x, t p ) (c^T(f, t p )) 



a^b 



a,9 



b=£a 
0a 



Tr 



STR ^77 (f- 1 S (£ P T )) G (0) [<7^ 0) ] rj (f' 1 Sf-S)E P G (0) [a^ 0) ] 



t^E ( 4 - 152 ) 



(ajtb) 
a. 6=1, 2 



str 

-(0) a,/3 



f-Hx.tp) S (E p f(x,t p )) f-\^,t p ) Sf(x,t p ) 

-I a/3 L 



a^b 



b^a 

,3a 



Tr 



STR(?7 (f- 1 Sf-S)E P G (0) [ct^ 0) ] 77 (f Sf-S) E q G m [a 



(())- 

D - 



^ l f dtp _L_y. 



x > (Epa ( "'(x,tp)) stri T^ix^tp) S T{x,t p ) E p T- l (x,t p ) S T(x,t p ) 14.153) 

f— ' \ «,H L Ja/3 L J /3a J 

a,b— 1,2 ' ' CT r) ■ 

However, these terms with E p can be neglected in the case of a stationary background field where the 
averaged time-like derivative of a E \x, t p ) vanishes (^E p a^ (x, i p )) a .(o) ~ 0). This can be required for a 
time independent trap potential and for source fields of the BEC wave function which allow the real, scalar 
self-energy density a^\x,t p ) to reach an equilibrium state within Z[j^;a^] (|4.90[) . 

The expansion of the first order term 5fi(T~^, T) with one Green function {& ^[a E ]) a (a) in A! SDET 
does not involve the complication of propagation of two Green functions. One returns from time t p + 8t p 
back to the same contour time t p . We directly act with <57i(T _1 ,T) onto the averaged Green function in 
(|4.154p and obtain averaged matrix elements composed of the unsaturated gradients E p , di with a single 
Green function 

N=L+S 

,p x (4.154) 

^=1 

-\x,t p ) S {Epf{S,tp))+f-\x,tp) (d l d l T{x,tp))] ah X ((^V 0) [^ 0) ]lC^f) (0) + 

J a/3 \ / SV 



iTr 
2 



STr( 5H(f-\f) (G(°)[4°>]). (0) ) =4/|^EE E 

^ ° D ' * JC £ a,b=l,2 a,/3=l 



STR 



+ STR 

a,a;b,/3 

+ 2 STR 

a,a;6,/3 



f-^tp) Sf(x,t p ) -S] ab } l(^tp h \E p G^[d^ ] ]\x^tp) C 

J a/3 J \ 

f-\x,t p ) (d l f(x,tp))] ab } l^tp b \di G^[a { ° ] ]\x\t^) a ) 

J a/3 J \ It 
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However, the spacetime matrix elements of the averages of a single Green function (also with gradients) in 
(I4.154[) only enter with their diagonal parts, leading to reduced and simplified equations. The average of 
the Green function without gradients results in diagonal terms of Kronecker-deltas for the 'Nambu'-doubled 
space (a = b), the angular monentum degrees of freedom (a = (3) and also for the space and time contour 
variables (|4.155|) 



/ — — " — " ~ a ^ (r\\ ((W "" 1 

{(x',t p \G ( >[a { D ']\x,t p ) ^}_ (o) = S a>b S a ,p Jf S s,s' h 



(4.155) 



In order to disentangle the matrix element with E p , we consider the defining Eq. (|4.156p for the doubled 
Green function G^^cr^] and solve for E p &°^[a^] so that the corresponding matrix element (|4.158|) is 
transformed to the diagonal spacetime element of (j) h p {x) + a^) S & ^[a^] — S. We can completely 
remove the matrix elements with spatial gradient operators di di and also di because the diagonal matrix 
elements of these only appear in Eqs. (|4.158M4.160[) and (|4.154|) 



f] S E p + fj ( - di di + u(x) — fiQ — iEp) +a 



fj h f 



(4.156) 



E P G^[& {0) 



D 



di di + u{S) - Mo - * e p + fj a^) S [4 0) ] -fjS 



(4.157) 



[x^ p a \E p G^[a^]\x\tp) 



x,t p | ( - di di + u(x) - fi - 1 e v + fj a { ^\ S G ({>> [a^ } ] - fj S \x, t p ) 
= 5 a .b S a 5 aj /3 5 SiS S tpttp (u(x) - fa + (a^\x,tp)) a (o)) - 7] p 



;(o)u(°)i 



(4.158) 



(x,t p \di G(°)[^ 0) ]|^) a )_ (0) = (ft ((x>,tp |G(°)[4 0) ]|f^) a )_ (0) j « (4.159) 



Oi 6a tb 6 a ,p jj: 5g t g 5 tp . tp ) = 







x,t p IdidiG^ia^W^tp) 



(4.160) 



(4.161) 



Insertion of (j4.155M.16i]) into (|4.154|) yields the relation (I4.162j) for the first order term <JH(T -1 ,T) in the 
gradient expansion of A' SDET 



-Tr 



(4.162) 



1 f dtp v -\ 



2.1c ft 



STR 



f^(x,t p ) S {Epf{x,tp)) +f- 1 (x,t p ) (didif(x,tp)) 



STR 



f-\x,t p ) ST(x,t p )S-i 



2Nx2N 



(u(x) - fi - i e p + (x, tp)) a (m J - TV r) p 
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03 



We further investigate the first order term of 5H(f 1 , T) (|4. 162[) by using the transformations (|4. 16314. 164ft 
and acquire Eq. (|4.165[) 



STR 



f 1 (x, t p ) ST (x,t p ) S - l 2N x 2 N 
CXp 1 2 Y 2Nx2N (x,t p )} - i 2 7Vx2AT 



(f~ 1 (x,t p ) S J ~l 2N x 2 N 
exp|2 Y 2Nx2N (x,t p )} - 

cosh 1 2 Y 2Nx2N (x, i P )| 



STR 



12JVX2JV 

— 12ATX2AT 



(4.163) 



(4.164) 



-Tr 



(4.165) 



i r dtp 

2Jc K ^ 



STR f-^x.tp) S (E p f(x,tp)) +f~ 1 (x,t p ) (didif{x,t p )) \ + 

a,ot;b,(3 



STR { yT {x,t p ) ) -12ATX2W 



(u(f) - /i - I Ep + (<7^(x, *p)) a (o') 



l f dt,: 



STR [(r _1 (i,t P )) - i 



^ ./r" 1 " _ a.a;fc,p 



L27VX27V 



We expand T 1 (x, i p ) and T 2 (x, i p ) in the generator Y (x, t p ) for small amplitudes of the pair condensates. 
We achieve the expectation value of amplitudes Y(x, t p ) with one-particle operator consisting of the trap 
and chemical potential, the averaged self-energy density and the kinetic energy with the doubled mass value 
2m of the atoms with short-ranged interaction. 



T 1 (x,t p ) = l 2 Nx2N + Y 2 Nx2n{x 1 t p ) + — Y 2 Nx2N(x,t p ) 



(4.166) 



(f 1 (x,t p )^j = exp^2Y 2Nx2N (x,t p )} = l 2Nx2N + 2Y 2Nx2N (x,t p ) + 2 Y 2Nx2N (x,t p ) +.(4.167) 



-Tr 



STR( 5H{f-\f) (g(°>[^ 0) 



D V ; (») 



COSh (2 y(x , tp) ) - i 2 ATx2Ar 



(4.168) 



Y(x,t p ) } + 



I / ^ripAfY STR 



Since the coset generator Y(x,t p ) is only composed of the non-diagonal block super-matrices X(x,t p ), 
k X + (x,t p ), one can even further reduce the expectation value with Y(x,t p ) in (|4. 168[) to relation (|4. 169ft 
where one also has the doubled atomic mass value 2m in the kinetic energy 



STRl 8H{f- l ,f) (G (0) [«7^ 0) ] 



'D J/ A (0) 



dt r 



( -Ep + 2 [2j2mj + u (x)-Vo + (v { D ] (x,h))a^ 



(4.169) 



X(x,t p ) } + 



2 I ^rVpNV] str hx + (x,t p ) X{x,t p ) 
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Comparing the second order and first order term of 87i{T , f ) in A' SDET , we notice various orders of the 
energy scale variable Af = Ml N x . The derived action (|4.143|) for the second order of 5H{f^ 1 , T) is scaled 
by A/"" 1 and is therefore the dominant part in the calculation of correlation functions. The derived action 
term (|4.165j) with first order of 6'H(f~ 1 , f) from A' SDET contains the order Af° for the energy expectation 
values of the pair condensates and even the order J\f +1 for a fluctuation term. 



4.6 Expansion of the condensate wave function term (A'j [f , j] ) 



D 



In comparison to the expansion of A' SDET [T; J\ , the gradient expansion of the condensate wave function 
can be attained by less complicated steps because the propagation and average of two or more Green 
functions G' ' [o - ^] in A'j does not involve a forward and backward direction with a return to the same 
spacetime point in a doubled Hilbert trace relation 'Tr'. The propagation in A'j [f; J\ (|4. 93(1 starts on 
the right hand-side with source field state \Jl. a ) which is multiplied by the coset matrix T _1 and metric 

/ yielding some other 'Nambu'-doubled field. This field can be identified with (f a (x',t' q ) ; f*(x', t' q )) T ' b 
in (|4.99H4.10Tj) . Repeated application of rules (|4.99H4.10lj) transfers the fields to the left hand-side to 

We list in (|4.170H4.173[) the gradient terms (S7t!(T _1 , T) and source operator 



the source field state {J^.p 



J(T 1 ,T) in the expansion of AO and assume a quasi-stationary case of the background field a^ix, t p ) 



in Z[j^;a^ E ] (I4.90|) . Therefore, the time-like derivative (E p a E ^) w is disregarded in the first order term 



(Oh 



of dHCf-^f) acting onto G^ [a$] and further to the right 



AO 

5H{f- l ,f) 



f- x nf-u 



= -v 



[f- 1 S (E p f)) + f- 1 (didif) + (f- 1 ST~S)E p + 2f- 1 (fyf) 



j(f- x ,f) = f- 1 i k fj j rj k i k f 



(4.170) 
(4.171) 

) 

(4.172) 



SH(f-\f) G (0) [<7^ 0) ] 



f- 1 S (E v f)+f~ l (didif) 



rj (f- 1 Sf-S) G^[a^] (e p &<®) G(°)[^ 0) 



G(°)[4 0) ] 



(4.173) 



+ 3 (Sif) G(°)[4 0) ] (diu + d^) G(°)[^ 0) ] + 

- fj (f- 1 Sf-S) G<°) [4 0) ] E p - fj 2 f- 1 (dif) [^ 0) ] di . 

The expansion with first and second order of AO is again given for the condensate wave function term 
A'j [T; J] in (|4.174[) . One has to use the commutators between unsaturated gradient operators and Green 
functions so that the unsaturated gradients are shifted to the right and finally act onto the source field 
state \Jl. a }- We suppose slowly varying states \ J^,. a ) in space and time and introduce the approximations 

(14. 175)1 for the expansion with AO, (AO) 2 in (14. 1 74|1 . The terms (I4.176P are only kept in the expansion 
with up to second order in spatial derivatives and first order time derivative 



A'jjf-J] = {A' J jf,a<g ) -J 
1 1 



(4.174) 



1 1 /; 



^((4;^ (IK (AOG^[^ y 



rp-l J 



ha 



/3a 



V\Jl a ) 
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«tM&T>*o 4-KU«o ( e p&d) 9W «° ( 4 - 175 ) 

f , f" 1 , (&f), (ftftf), (a ( f) • (0,-T), (E P T) . (4.176) 

The result of the second and first order expansion of 5H(f ~ 1 ,f) in A'j [f ; J] (14.174p leads to (|4.177|4.179p 
with averaged coefficients d v {x, t p ) (|4.178p . In order to obtain these results, one has to apply consequently 
the commutators (|4.123|4.124H and rules of propagation (|4.99M.lUTT) so that the unsaturated gradient 

operators are conveyed to the right with final action onto \Jl. a ). We ignore these final gradients according 

to (|4.175p with the assumption of slowly varying fields \J%. a ) and of slowly varying background field and 
further assume an approximate translation invariance in the trap potential (|4.180p excluding boundary 
effects 

D X 

£ £ &{x,t p ) J ^[ X / P) (/ g (ftffttp)) f-\S,t p ) (d 3 f(x,t p )) f-\x,t p ) l) J J^-A 

a,6=l,2 a,/3=l 7V V / / 3 « 7V 



X 



d ij (x,t p ) = 2/ 3 t p )) (^t;(x,i p )) - (didjtfatpj)) ( ; 0(£,*p) = + a^ 0) (f,t P ) (4.178) 



11 h 1 r N=L+ 

M D 1/0 x o,6=l,2 a,/3=] 

Jtf f ip)) f- 1 (f,t p )-f(x,i p )5f- 1 (f,t p ) (E p f(x,t p )) T~ 1 (x,t p ) + 



+ 2 (dit^tp)) t'\x,t P ) (dif(x,t P )) t-^tp) y 



ba ja 



/3a ^ 



(4.179) 



(^ 0) (f,i p ))_ (0) «0 (fljii^+^^tp)) «0 . (4.180) 

Compared to the result of the gradient expansion for A' SDET [f; J] Q4. 14314. 146J1 . (|4.162M.l65|) . there are 
no possible simplifying relations for the spatial 2D case in A'j [T; J] concerning the coefficients d lJ (x, t p ). 
A conformal invariance can be derived for A'j [T; J] under the assumption of spatially constant or at least 
slowly varying source fields for the BEC wave function ((ftJ^. a (f,t p )) ~ 0). The universal properties of 

conformal invariance in A' SDET [T; J\ follow from the simultaneous appearance of the metric tensor Go sp \u 
in the invariant coset measure and the action (|4.143p and lead to Gaussian integrals for the pair condensates 
in 2D coordinate space. In the case of A'j [T; J] one has also to include the functions (dig K (x,t p )) for the 
subgroup U(L\S) with corresponding metric tensor Gjj(l\s)- But according to the different metric tensor 
Gosp\u m the invariant coset integration measure, simple Gaussian-like integrals do not result as for the 
expansion with the action A' SDET [T; J] (compare appendix IA.2I with Eqs. (|A.65IIA.67|) and subsection 
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5 Effective actions for the super-symmetric pair condensates 



5.1 Classification of the actions for pair condensates according to the energy 
scale J\f = htt M x 

In section S] the gradient expansion has been performed in the actions A' SDET [T; J] , A'j [T; J] of the 
super-determinant and the coherent BEC wave function term. The gradient terms 57i(T _1 , T) are retained 
up to second order in AO = 6'H(T~ 1 ,T) + J(T~ l ,T) with a maximum of two spatial derivatives and a 
single time derivative of the coset matrices T(x,t p ), T~ 1 (x,t p ) 



A', 



SDET 



[f;j] 



STr( AO G (0) [a^ 0) ] AO G (0) [& 



l l 

1 1 

2Af 



STR(AO ^G (0) [a^ 0) 



(5.1) 



(5.2) 



{J^\f, (ikf AO #«»[*£>] r- 1 l)j\J&) 



We include the average of the Green functions &°\ar D ] in (|5.1I5.2| with the background field a D (a?, t p ) 
of the coherent state path integral Z\j$; <7p ] (j4.89H4.9iT) . This averaging procedure with Z\j^; a^] (|4.89I 
I4.9ip takes into account the noncondensed atoms, but also the condensed, coherent BEC wave function. 
The resulting effective coherent state path integral (I5.3|) only contains the field degrees of freedom for the 
pair condensates in the coset matrix T(x,t p ) = exp{— Y(x, t p )} 



Z[J,J^,tJ^} = d[f 1 {x,t p ) df(x,t p )] exp jj Aj^ [f] j 



(5.3) 



exp{-A' SDET [f;j]} vq>{lA^[f;j]) 



The effective path integral (|5.3p consists of the coset measure d[f ^-(x, t p ) df(x, t p )] (Osp(S, S\2L)\U (L\S)), 
being invariant under U(L\S) subgroup transformations, and the source term Aj [T] following from 

integrations over the 'hinge' degrees of freedom 5E^ A , xAr (x, t p ) K = (Q _1 (a ? , t p ) SA(x,t p ) Q(x, t p )) ^ N - 
The field J^p b a fj{x,t p ) has the effect of a 'seed' for the pair condensates in f(x,t p ), starting the time 
development of Y(x,t p ) which is determined by the actions A' SDET [T; J] and Aj^T; j}. 

In fact, the various parts of the actions A' SDET [T; J] , A' J ^[T;J'] can be classified according to the 

parameter TV = M7 Af x = h(l/At) ■ (i/Ax) d . It describes the total number of spatial points of the 
underlying grid and the maximum possible energy due to the finite time intervals. This parameter Af 
has inevitably to appear for normalization as one transforms the super-determinant, just being a factor of 



with spatial integral J2s ■ 
Vp=± f° r the trace 'Tr' 



SDET(yVf) 



-1/2 

I L Ad d x/L d ) 



eigenvalues e. g. [SDET(A^)] i/z with exponent -1/2 (j4~TU]) . to an action A S det[T, dt D ,a ( E } ;J} $~V2^ 



and positive time contour integration with additional metric 



-1/2 



= exp 



{ 



AsDET [f,8Y,D,Vi)^'i 



AsDET [f, 6Y>D, ^d'-i J\ 



- Tr STR In M 
2 



(5.4) 
(5.5) 



~ / % P I $ (m-M x ) STR In 
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This normalization also arises for the terms in the gradient expansion with the Green functions [dp ] 
in Z[j,p]a^] (14.89M.9"Tj) and is consequently considered within all transformations of this paper (also 
according to the doubled Hilbert space definitions in subsection 14. 2|) . Consequently, we obtain from the 
second order gradient expansion three effective actions from orders TV -1 to TV +1 . The action ^'[TjjT] is 
listed in appendix | 
quadratic order 



(Eq. (IB.31j) ) for the expansion of the generating source field jg,a;x' ,fi{tp,t' q ) up to 



Z[J,J^,tJ^] = j d[f-\x,t p ) df(x,t p )] exp{z^[T]} (5.6) 
x exp { - ^V-i [f; J A - A'j^o [f; J+] - A'j^ +1 [f] } x exp { - A' [f ; j] } 

We have to point out that all spatial and time-like variables within the gradients and within the arguments 
of the coset matrix T(x,t p ) = exp { — Y(x, t p )} are not scaled by TV or TV* 1 / 2 to some dimensionless 

quantities whereas energy values as u(x) or d^ (x, t p ) have as reference the overall energy and number 
of spatial points within the parameter TV". A re-scaling of the arguments in T(x,t p ) = exp { — Y(x, i p )} 



according to di — j= — > v^ 5 ^ = ~7Tf Jk. wou ld contract the spatial and time- like dependence 



, tttttv - 11 : J[ - exp { Y ( 



VJ7 V2m dx* 

x'^, jj- t'p)} to vanishing values in the continuum limit TV 



of T( 

after the gradient expansion. Therefore, the scales of the spatial and time-like variables in the arguments 
of T(x,t p ) = exp { — Y(x, tp)} are retained unchanged as in the original coherent state path integral with 
super- fields ipx,a{tp) before the HST transformation. The gradient expansion of slowly varying Goldstone 
modes has to keep the original physical scale of spatial and time-like variables in the path integrals whereas 
the remaining physical quantities are averaged by the background field and are finally maintained as 
dimensionless parameters for the gradients of T(x, t p ) = exp { — Y(x, t v ) }. These gradients of T(x, t p ) are 
the only relevant physical variables for an effective theory of the pair condensates Y(x,t p ). 

The action A'j^--i[T; J^] describes the dominant time development as instant response to the 'seed' 
J'^ a p(x,t p ) in .Aj^pf] for the pair condensates. The action A'j^ [T; of order TV determines the 

effective time development of the condensate pairs without the transport coefficients c lJ (x, t p ) and d %i (x, t p ) 
and can be understood from mean field equations similar to the Gross-Pitaevskii equation in many-particle 
physics [5T]-[23]. We list in relations (|5.7p to (|5.f 2|) the relevant definitions for the action A'j^-i[T; J^] 
which represents the Goldstone modes of the SSB Osp(S, S\2L)\U{L\S) <g> U(L\S) 



Ax-i[f; J ] - ~i [ 
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(x,t p ) STR (d t Z(x,tp) \ IdjZ&tp) 



% f dtp % — s ^ — -s 
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_ x (5.7) 

6=1,2 



/3a 



TV 



Z (x, tp) 
c ^ (x, tp) 

^ ' ^ (x, tp) 

^ ' ^ (x, tp) 
d ll (x, tp) 



f{S,t p )Sf-\S,t p ) ; v(x, t p ) = u(x) + (x, t p ) = u{x) + ^ ^ tp) ( r>,s) 



= 2 



c^ ij (x,t p ) + c^(x,t p ) 

-2/ (didjv(x, t p )) \ - Sij ^2 ( (9kd k v(x, t p )) 

\ ' a o } k=i \ 

Cdiv(x,t p )) (djv(x,t p ))\ ^ -S^ ( (d k v(x,t p )) \ 

' ' °D ] fc = l ^ ' ' 
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(5.9) 
(5.10) 

(5.11) 
(5.12) 
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The action A'j^ [T] J^p] is given by Eq. (|5.13[) whose corresponding mean field equation, following from first 
order variation with SY(x,t p ), is analogous to the Gross-Pitaevskii equation for the coherent BEC wave 
function, being invariant under U(L\S) subgroup transformations of Osp(S, S\2L) 

A' M „[f;J^] = ~J \ STR T^&tp) $ (E P f(x,t p )^j +f-\x,t p ) (didif{S,t p ) 

x K 

+ (u(x) - Ho - l E p + (o-^(f,tp)).( )^ STR (f~ X {x,t p )} - l 2 Arx2Ar 



(5.13) 



dU^ ^ N ^ s J^(x,t p ) 



?E E E 



° x a,b=l,2 a, (3=1 



IK ((didif(x,t p j) f~\x,t p ) + 



+ f{x,t p )Sf-\x,t p ) ^E p f{x,t p )^j f- 1 {x,t p ) + 
- 2 (d i f(x',t p )) f-^xAp) (dif&tp)) f~ l (x,t p ) 



-i ba ja 



0a 



17 . 



The action ^l^+ifT] of order N +1 is the fluctuation part whose first order and all higher odd-number 
variations of 5Y{x, t p ) vanish completely so that the first relevant variation is of quadratic order in the 
fields of the pair condensates. This is caused by the additional presence of the metric r\ p in the time 
contour integral J c (dt p /ti) r\ p . . . = J_™ (dt+ffi) . . . + (dt-/fi) . . . leading to the sum of the two 
branches of the contour integrals 



2Nx2N 



(5.14) 



Note that up to second order of the gradient expansion there are no coefficients as c y '(a?,t p ), <pi{2,t p ) or 
other parametric dependencies in A'j^+i [T] so that this fluctuation term *4^ +i [T] (|5.14|) only depends on 
the coset symmetry Osp(S, S\2L)\U(L\S) and therefore contributes universal fluctuations to the action 
A'li-o [T] Jtf,\ regarded as a mean field part similar to the GP-equation. 

5.2 Classical nonlinear sigma model from variations of the action A'j^-i[T] 

In this subsection 15 . 21 we give a detailed description for classical effective equations of the pair condensates 
as Goldstone modes from variation of <A!j^-i [T; J^]. The variation of A'j^-i\T; J^\ has to be performed 
with respect to the independent parameters of the coset generator Y(x, t p ) in the exponential T(x,t p ). 
In Eqs. (|5. 15115. 2(7| we list again the matrix elements c_D ;mn (£, t p ), fD;rn,r'v{x,t p ) and fiD [rfJiin (x,t p ) for 
the super-symmetric pair condensates of the matrices X a p(x, t p ) and (Y(x, tp))^ because these determine 
with their additional symmetries (|5.20p the variations and the final mean field equations 



(f(x,t p )Y a 

Xa$($, tp) 



ab 
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{-(Y { x,t p ))%) 
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X a p(x,tp) \ 

K a X+p{x,t p ) j 

— CD;mn(x,t p ) VD;m,r V i X ' ^p) 

fjD;r[i,n('E i tp) j D\r p.r 1 'u\% i^p) 
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f m = l,...,L; r = l( M = 1,2),..., 5/2 ( M = 1,2)) 



(5.15) 

(5.16) 

(5.17) 
(5.18) 



index for bosons 



index for fcrmions 
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= { n = l,...,L ; r' = !(!/ = 1,2) ff/2(^ = l,2) | (5.19) 



index for bosons index for fcrmions 



CD;LxL(z,tp) = C D . LxL (x,t p ) /d;Sxs(£j*Z>) = ~ fD;Sxs(x*,t p ) • {5.20) 

Furthermore, it is appropriate to consider the eigenvalues of X a p(x,t p ) in the coset matrix t p ) which 
appears in the combination of matrices T~ 1 (x,t p ) d(T(x,t p )) (|5.21[l . The transformation of Y(x, t p ) (or 
respectively of X a p(x,t p )) to diagonal form is achieved by the U(L\S) matrix P(x 7 t p ) as subgroup of the 
total Osp(S, S\2L) symmetry 

f-\x,t p ) d(f(x,t p )) = expjf^,^)} d(exp{ -Y(x,t p )}) (5.21) 
Y(x,t p ) = P- l {x,t p ) Y DD (x,t p ) P(x,t p ) . (5.22) 

The eigenvalues Yg b D . a p(x,t p ) (respectively Xr)D\ap{x,t p )) of Y(x,t p ) (and X(x,t p )) are grouped in rela- 
tions (|5.23H5.29")1 . It has to be noted that the eigenvalues / r „ ru (x, t p ) (/i, v = 1, 2) of the fermion-fermion 
part have quaternion structures with the antisymmetric Pauli-matrix (r) v because the complete matrix 

fD;r^,r'v{x,t p ) of the fermion-fermion section is antisymmetric due to the property of pair condensates for 
the fcrmions. The eigenvalues of the boson-boson and fermion-fermion parts of X(x,t p ) are also separated 
into the modulus and phase of the diagonal elements c m (x,t p ) and f r (x,t p ) 

(\ ab 
X DD:a0 {x,t p ) \ 

X DD . af )(x,tp) = " ? (5-24) 

\ u J rp,r'iA x J L P) u rr' / Qj g 

CLxL(x.t p ) = diag|ci(x, i p ), . . . ,c m (x,t p ), . . . ,c L (x,t p )\ (5.25) 

S C) (5.26) 
fsxs(x,t p ) = diag|(r2)^7 1 (f,ip),...,(T 2 )^7 r (f,t p ),...,(T 2 )^7 s/2 (f,i p )| (5.27) 



(5.28) 



f r (x,t p ) = \f r (x,t p )\ exp{i<t> r (x,t p )} (/ r eCj . (5.29) 

The parameters of the diagonalizing matrix P(x,t p ) of Y(x,t p ) (|5.22p are tabulated in Eqs. (|5.30H5.35| . 
Since the eigenvalues Y£ b D . a p(x,t p ) (respectively XoD-.apix^tp)) already contain independent degrees of 
freedom of the pair condensate elements of Y(x, t p ), X(x,t p ), the diagonal elements of the super-generators 
U(L\S) for P^(x, t p ), P^(x,t p ) have to vanish completely (compare symmetry restrictions and definitions 
of zero elements in the boson-boson and fermion-fermion parts of the generators for P(x, t p ) (|5. 3415.351) ') 

= ( ®f' ' ] p S( ,,y )" (M> 

{Pn-x.n( x i tp)j = ^nxn{ x ->^p) ~ ^NxN i x ->tp) (5.31) 

P$(x,t p ) = expjzf ^mni^p) &nr>vfrtp)\\ (5 . 32) 
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(5.33) 



p22/-,N _ 1 ( C D;rnn( X ^p) ^D;m,r' v( X ? > *p) 

^d-lxl( x ^p) = CD;LxL(x,t p ) C D - mm (x,tp) = (m = l, ...,£) (5.34) 

Sd-Sxs( x ^p) = GD;Sxs(x,tp) GD;rn,ri>{x,tp) = Q (r = 1, . . . , 5/2), (/X, 1/ = 1, 2) . (5.35) 

The action A'j^-i [T; consists in essence of the combination of matrices exp{F} d( exp{— F}) where the 
differential d[ exp{— F}) of the exponential of F can be extended to a spatial derivative (pi exp{— F}) or to 
the necessary variations (5 ( exp{— F }) with SY(x, t p ) in order to derive the mean field equations. Therefore, 
the relation (|5.36[) . which has already been applied in the calculation of the invariant integration measure, 
is of central importance for all further variational steps to the classical nonlinear sigma model equations 

expjrj d(expj - = - dv expj + v y\ dY exp | -v f} (5.36) 

J 



dv ^expju [F, ...]_} dY^j = - ^ P ^„ 



dF 



A(fTT) = IS;,{V - } ' ■ (5-37) 
[r,...]_ 



The integration over the parameter v G [0,1] is acquired from the operator exp{v [y, ...]_} which con- 
tains the commutator [Y, ...]_ acting onto the differential (iF within the outer braces (see second line in 
(|5.36p ). The transformation of the first to the second line in (|5.36[) is known from statistical mechan- 
ics where one introduces the Liouville operator acting on other operators in the fundamental von Neu- 
mann equation with the statistical operator. After formal integration over v £ [0,1], a closed relation 
follows for exp{F} <i(exp{ — F}) which contains the commutator function Fi([Y, ...]-) (15.37|) acting onto 
dY within the outer braces in (|5.36p . We record in Eqs. (|5.38fl5.4U]) modifications of relation (|5.36p with 
exp{F} d( exp{— F}) and operator A([y, . . .]_) (15.37|) because they have to be used in the various steps of 
the variation of ■A\r- 1 [T; jy with respect to SY(x, t p ) 

expj -F| d( exp {f}) = dv exp { - v f\ dY exp j + v fJ (5.38) 

J o 



cx P {-[y,...]_} - 1 



dY 



-[y,...]_ 



A(-[F,...]-) dY 



d(expj - y\\ expjFj = - exp j - f| d( exp |f|") (5.39) 

= — J dv exp | — v F | dF exp | + v Y j 



" Xi>l ' 1 1 L ,/v) (/,( [F,...] ) dY 



-[Y,...]- 

d(exp|F|) exp| - fj = - exp |f| d( exp | - Y"}) (5.40) 

pi 

= dv exp | + v f| dF exp j - v f| 

V - ') ' df) = (V ;S >'.... ') dF 



[y,...]_ 



We combine relations of the type (|5.36H5.40|) with diagonal parameters or eigenvalues of Y(x, t p ), consisting 
of Y^ D . a/3 (x, t p ) and 'eigenvectors' Papi^i tp)t so that the commutator argument of the operator Fi([Y, ...]_) 
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only involves the diagonal part [y D d,.-.]~ of the coset operator. These disentangling relations are given 
for both parts of ^ / -_ 1 [T; J^] with coefficients c l i{x,t p ) and d l ^(x,t p ). However, the spatial derivative 
(diY(x, tpj) has to be rotated by P(x, t p ), P~ 1 (x,t p ) to the matrix (diY(x, t p )) p (|5.43p so that the matrices 
P, P -1 are removed from the operator Pi([y, ...]_) and the diagonal coset commutator argument [y dd , . . .]_ 
results 

f 



1 (x,t p ) (dif(x,t p )^ = - j dv expj +v Y(x, i p )| (diY(x,t p )^J exp | - v Y(x, i p )| = 
= -P- 1 J dv exp { + v Y DD } (p Y DD p) P" 1 ^ exp { - v Y DD } P (5.41) 

= -P-\x,t p ) f ^U Y ^,-]-} -I (pfatj fap-i ? DD P) p-^t,))) P{x,t p ) 
\ [Ydd,- ]- ^ ^ ^ £,/ 



c?w exp | — v Y(x, i p )| t p )j exp | + w Y(x, £ p )j 



P- x {S,t p ) 



d,Y 



(5.42) 



{ > .■ } - i 

-[Ybr,,...]- 



p(f,t p ) (^p- 1 Ydd p) p-V-y) ) 



(p(f,i p ) (ftp- 1 ^,^) % D (3,tp) P(x,t p )^ p-ifatpj) = (dif(x,t p ) 



(5.43) 



It still seems to be a problem to perform powers of the commutator [y dd , . . .]_ in Fi ([y, . . .]_) onto the rotated 
derivatives of pair condensate fields {diY{x, t p )) p by repeated application; but it has to be noted that the 
adjoint representation of a group or super-group as Osp(S, S\2L), determined by its structure constants, 
reduces the commutators (or respectively anticommutators) to the multiplication of matrices composed of 
the structure elements (see subsection 15 . 31 for a detailed description). 

'(i) 



as preparation, we start with the first order variation of the part -4^-i [Z 



Using relations 

T S T _1 ] of [T; J^] from the coherent state path integral Zj^-i [J , J^,, iJ^] restricted to actions of 

order TV -1 . The first part A'j^lx [Z] = A'j^lx [T] comprises the matrix Z(x, t p ) = T(x, t p ) S T~ l (x, t p ) and 
the coefficients c^(x,t p ), resulting from averages over the background field (x, t p ). The introduction 
of the matrix Z(x,t p ) limits the super-trace 'STR' in A'j^l^T] to the non-diagonal 'Nambu'-block parts 
or the coset elements of Osp(S, S\2L)\U(L\S) for the pair condensates without any elements in the block 
diagonal subgroup parts U{L\S) 



Zfi/-i[J,Jji,,iJj(,^} = / d[f 1 (x,t p ) df(x,t p )] exp {« Aj^ [T]| 

x exp{ -A' M -i[T; J^]} exp { - A 1 [f ; J] } 
A' M -,[f;J^} = A'£l 1 {Z = fsf- 1 ]+A'£l 1 [f;J ij } 



A'f>l t [Z = T Sf~ 



1 1 

In 



dt 



h ^ 



(x,t p ) STR (diZ(x,t p )j (djZ(x,t p 



(5.44) 

(5.45) 
(5.46) 
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The second part Aj^U [T; J^} of ^^_j[T; with source field J^. a (x,t p ) for a macroscopic BEC wave 
function is transformed to a relation with a super-trace (|5.47p by including the dyadic product of the 
source fields (|5.48p . This leads to a super- matrix J ab , (x,t p ) K as generator of the ortho-symplectic 

super-algebra ()5.49[) 



,(2) 



(5.47) 



I ^J2^(x,t p ) STR^tJT" 1 i{j^. a {x,t p )®J^{x,t p ) 



IK ( djT) T 



(x,t p ) 



J 



J^,J+;a/9^'*p) = la yJ$;a\%>tp) ® J^p(x,t p )J Ip j$i;a(% S = L_ ^7" (5.48) 



J, j+(x,t p ) K e osp(5,5|2L) 



(5.49) 



Finally, we acquire the first order variation of .A^r-i with respect to <5Z and T 1 . We use relation 
()5.39|) to reduce the variation with (8T) T^ 1 to the variation with 5Y (|5 . 52[) 



Z (x, tp) 



5Z 



ii r dt p 

'2jfJ c ~h 



^^STR 5Z{x,tp) (d iC ij {x,t p ) (djZ&tpty 



(5.50) 



f{x.t p ) Sf-\x,t p ) = (exp{ - [y(f,i p ),...]_} 5) 
S f- 2 (x 1 t p ) = S exp{2 f(f,t p )} 

(ST) S f- 1 - f S f- 1 (ST) f- 1 = ((ST) f- 1 ^ Z-Z ((§f)f- 1 '\ (5.51) 
(5T) f- 1 , Z 



(sf) f- 



S(exp{~Y}) exp{F} = - / dv exp{— u Y} 5Y exp{+u Y} 



This allows to confine the variation of SA'j^^lT] to the variation of 5Y(x, t p ) as the original independent 
degrees of freedom of the pair condensates 



(5.52) 



(5.53) 



x STRi SY(x,t p ) / dv e +« 



Z 



(x,t p ) , (di c lJ (x,tp) (djZ(x,t p ) 



-v Y(x,t p ) 



The variation of the second part Aj^li[T; Jy] is given in Eq. (15.54|) with the coefficients d lJ (x,t p ) and 
the dyadic source matrix J a } T+ Ax.t n ) K. It consists of an anticommutator (15.551) between the term 

(d lJ '(x, t p ) (djT) J 1-1 ) of anomalous fields and the dyadic source matrix J° b J+ a p{x,tp) K as an element 
of the osp(S, S\2L) super-algebra 



x STR 



dt 



p 



N J c h 

X 



(5.54) 



5.2 Classical nonlinear sigma model from variations of the action -A^/--i [t; J^] 
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{(d^(x,t p ) (djf) f- 1 ) , Jj^j+^tp) K} + = 

= (d»(x,t p ) {6^) t- 1 ) J JiitJ +(x,t p ) k + Jj^j+fatp) k (>(£, * p ) (djf) f- 1 ) 



(5.55) 



The variation in (|5.54p with respect to 5((diT) f 1 ) has to be attributed to the variation with 5Y(x,t p ) of 
the original independent degrees of freedom for the pair condensates. Repeated application of (|5.36H5.40|) 
yields relation (|5 . 59[) for 5{(diT) T -1 ) with variation of 5Y(x,t p ) and the spatial derivative [di 5Y) 



>-((§; 



f) f- 1 



dv 



5(e~ v f ) fay) e +v Y + e~ v Y fay) s(e +v Y ) + (5.56) 



5 



Y fa SYj e +v 
- V Y ^ e+ vY 5(e- v ^) 



du e +uvY v 5Y e- uvY 



,+v Y 



,+v Y 



du 



-u v Y cv +ii v Y 

v ox e 







dv e 
■ l 



f (a, 5y) e +" f + 

dv I du v 
Jo 

v Y fay) e +t ' 



(5.57) 
(5.58) 
(5.59) 



- V Y -\-u V Y 



d,Y 



,+v Y 



SY e 



+u v Y 



The combination of Eqs. (15. 54115. 59"]) finally leads to the variation of SA'j^lt [T; J^] (|5.60|) where we have 
substituted the real integration variable u in (15.59|) by w — u ■ v so that the second super-trace term in 
(|5.60[) has the double integrations J Q dv f Q dw . . . 



(5.60) 



STR<^ 5Y(x,t p ) Id, 



(d t j\v e^ Y {d« (8,1) T- 1 , k} + e-^)} 



+ str< <yy(a?,t p ) 



,+w Y 



dv / e 



-v Y +w Y 

e e 



+ 



(djf) T- 1 , J^ J+ K) e^ Y (df) e+" 



Y e -w Y 



The variation of the independent fields in 8Y(x,t p ) on the two branches of the time contour is separated 
into the field Y(x,t) with a mean time t without contour index and into ±| SY(x,t) where the ± sign 
refers to the corresponding time branch in Y(x, t p —±) 



Y(x,t p=± ) = Y(x,t)+5Y(x > t p =±)=Y(x,t)±-5Y(x,t) 
Y(x,t p=± ) = y K (x,t p =±) Y^ 

y K {x,t p =±) = y K (x,t) + Sy K (x,t p= ±) = y K {x,t) ± - Sy K (x,t) 



(5.61) 



The total variation of the sum 8J\!§l x [f] (jS~53l) and SX$U [f] J4] ^>M$ with respect to SY(x, t p ) = 

Vp \ °~yK,{%>t) Y"( K ) results in equation (|5.63|) for the matrices Z(x,t p ), T(x,t p ) and also in the dependence 



'(2) 
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on Y(x,t p ) and (diY(x,t p )) 



STR< Y (K 



2 Jo 



dv e v [ y -l- 



(<;.<•" (V)) 



a^6 



(5.62) 
(5.63) 



i j dv(d i e v ^ s ' t ^'^-^d ij (d j f)f- 1 



a^6 



dv / du; 
[i Jo 



dv / dw e +M ' I r 
o Jo V 

We have still to perform the integrations over the real parameters dw, dv in (|5.63p . The formal integration 

of the exponential of ±w [y ]_ is given in the third and fourth line of (|5.63[) . These integrations over 

w have to be calculated within the limits of to € [0,f]. The other integrations over dv in the first and 
second line of (|5.63p can also be accomplished as in relations (|5.36M5.4U|) . except that the matrix SY has 
to be replaced by the corresponding terms in the first and second term of (|5.63p . We find the Eq. (|5.64|) 
as intermediate step for the mean field equations of the pair condensates where the integrations over dv in 
the third and fourth term remain for further simplification 







str|f (k) 

. I ft "'•{>••••••;) 1 



1 ( exp{[y,...]_} - 1 



+ I 



dv 



dv 



cxp 



{ \.t : ' [ " 1 ? +v y m ' 1 . j^j} *} + ■ 

CXp{+ "^? } ' 1 {d ij m I 1 , J. hJ + k) e-^ (OA ) e- 



(5.64) 



— v Y 



a^b 



a^b- 



We separately consider the remaining integrations over dv in (|5.64|) and obtain equations (|5.65|) for the 
third term and (|5.66|) for the fourth term 

a^b 

-v Y ' 



[Y, 



dv e 



([Y,...] 
diY) e +vf \d lJ (djf) f' 1 



' u J i 7~* 



k\ 



(5.65) 



J 



J lb i J ■» 



a^b 



(1- 
(S,y) 



cxp 



-[Y,...j. 



d r Y 



{'l' J M . I 



■{[».-]-} -1 



a^b 



5.3 The adjoint representation of a super-algebra 
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([Y, . . .]_!) 1 i J dv (e +v 9 {d ij (djf) f- 1 , Jj^j+ x} + e- v 9 (diY) + (5.66) 



cx P {[y,...]_} - i 



(**) 



-[y,...]_ 



a^6 



Inserting (|5.65I5.66[) into (|5.64[> . the final mean field equation (|5.67[) is accomplished for the super-symmetric 
pair condensates Y(x,t p ). We introduce the operator f± ([y, ...]_) (|5.68[) in order to simplify the classical 
equations (|5.67|) for the pair condensates 



= STRl Y" (k) 



Fx 



([¥,...]_) [z, fai (diZ)) 



(5.67) 



di Fi([Y, . . .]_) {d« (a,-T) f- 1 



' 7 7^ 



+ 2 



( > •••• ) : [(/:( > •••• ) (5f*D T- 1 , K)^ , fit) 



a=£b 



([Y,. ..]_)" {d* ^T) T- 1 , (JJ (A(-[^,...]-) (di?) 



a¥=b. 



*i(\KT) = . (5.68) 

The first term of the classical nonlinear sigma equations (|5.67l) with matrix Z(x,t p ) determines the spatial 
distribution of the pair condensates as elements within the coset manifold Osp(S, S\2L)\U(L\S). How- 
ever, since we consider both the pair condensates and the coherent BEC wave function by source terms 
J^- a p{£,t p ) and J^,. a (x,t p ) with inclusion of 'Nambu'-doubled fields ^g a {t p ) and doubled HST trans- 
formation, the second to fourth term in (|5.67|) describes the interaction of the pair condensates Y(x,t p ) 
with the coherent BEC wave function. This 'macroscopic' coherent BEC wave function follows from the 
source matrix J+ (x,t p ) K = J° (J^. a (x,t p ) ® J^'p(x,t p )) Ip K (|5.48I5.49|) as dyadic product of the 

source fields J3,. a (x,t p ). The noncondensed parts of the densities are contained in the coefficients c l: >(x,t p ), 
d l ^(x,t p ) whose averages over the background field a^\x,t p ) also regard coherent BEC wave function 
effects due to the presence of the source field j^a.{x,t p ) in the generating function Z[j^;&^] (|4.89M4.9Tj) 
for the self-energy field a^'(x, t p ). 

5.3 The adjoint representation of a super-algebra 

The adjoint representation of a group or super-group (respectively their Lie algebras) is entirely determined 
by its structure constants. We have considered the fundamental representation of the ortho-symplectic 
super-group Osp(S, S\2L) in the derivation of the nonlinear sigma model actions. The fundamental repre- 
sentation has also been used for the invariant integration measures and equations, starting from symmetry 
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investigations (section [3]) and the gradient expansion (section 0|. However, since the coherent state path 
integrals are given by actions of invariant super-traces of Osp(S, S\2L), one can choose different represen- 
tations for the Osp(S, S\2L) matrices within the super-traces of actions or within the classical nonlinear 
sigma equations of Osp(S, S\2L)\U(L\S) and U(L\S) super-matrices. 

In this subsection 15.31 the adjoint representation of a super-algebra with super-generators E( K ) is ex- 
amined, having structure constants / „ (The super- and sub-scripts k, A, fi label the super-generators, 

e.g. the coset generators F (k) of Osp(S, S\2L)\U(L\S) or the subgroup generators of U(L\S).). The 
considered generators & K \ E( A \ E^- 1 of a Lie super-algebra are multiplied by three sets of corresponding 
parameters do~i jK , da 2 \, da 3 ^ to form the super-matrices Si, E2, S3. The three sets of parameters do~i iK , 
d&2,\, d/Js ^ contain commuting as well as anti-commuting elements which can be arranged with the super- 
generators to result in super-matrices as the self-energy <5E K in the coherent state path integrals with 
'Nambu'-doubled, separated boson-boson, fermion-fermion, fermion-boson and boson-fermion parts. (Note 
that one has to distinguish between lower and upper indices or contravariant and covariant components.) 
However, as the parameters do~i tK , do~ 2y \ are shifted out from the commutator of two super-matrices Si, S2 
(e.g. two self-energies) in a specific order, one has to include an additional minus sign in the case of two 
anti-commuting parameters so that a supercommutator [. . . , . . .} has to be defined. The supercommutator 
takes into account the even or odd degree of the commuting or the Grassmann variables, respectively 



Si 



Si , s^ 



£(«) £(A) 



da hK ±M S 2 = da 2 , x E< A > S 3 

cfo-i.K dcr 2,\ (s (k) ± w - (-l)xOO-x(A) ±W = 

da hK da 2 , x [e (k » , S«} =da hK da 2 , x 1 f K \ £ (p 



da 3 ^ ±M 



(5.69) 
(5.70) 

(5.71) 



The definition of the supercommutator ()5.71f) regards the degrees of the generators S^ K ', E^ A ' whether being 
combined with a commuting or anti-commuting parameter da~i tK , da 2 ,\- The degree xi K ) °f a parameter 
da K for super-generator E( K ) is plus one for Grassmann variables and zero for commuting complex or real 
parameters 



degree of (da K ) := %(k) = 



f 1 for odd or Grassmann variables 
for even or commuting variables 



X(aO = + xW) modulo 2 

j\k _ _ jk\ ^_]^Jc(k)-x(A) 



(5.72) 

(5.73) 
(5.74) 



Therefore, the resulting degree x(/x) of EW in the supercommutator [S^ K ^ , E( A )} (|5.7ip is given by 
(x( K ) + x(A)) modulo 2; the structure constants / kA , are antisymmetric, except for the encounter of 
two odd degree generators in the supercommutator leading to a symmetric relation in the two first upper 
indices of the structure constants (|5.74| . 

Starting from the Jacobi identity of super-matrices Si, S2, S3 with cyclic permutations in the com- 
mutators, one can derive the super Jacobi identity of the three corresponding super-generators & K \ S^ A \ 
EW. As one moves out the parameters do~i^ K , da 2 ,x, dcr 3jM from the commutators with the super-matrices 
Si, S2, E3 in the Jacobi identity, one obtains the supercommutators of the generators & K \ E^ A ', SW; 
however, one has to correct the cyclic permutations with the degree of the first and third super-generator 
in the prevailing summand for a consistent super Jacobi identity 



Si 



Si 



Ei , E2 







(5.75) 



dai K E 



(«) 



3,/i 



(5.76) 
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+ 



da 3> „ EM , \da 1<K ±M , da 2 ,x E (A) 



rfci.K rfcr 2 ,A df3,/. 



E (k) 



da 3 ^ dai jK d(i2,\ 



£0) 



£(A) ( ; £(")}} + (5.77) 



(-1) 



xO)-xO) 



E (k) 



E (A) . EM 



}} + <- 



\X(A>x(«) 



S (A) 



+ (-1) 



E w 



E (k) , E (A) 



}} 



= o . 



(5.78) 



The super Jacobi identity (|5.78p allows to define the adjoint operator adg (K ) oc [E( K ) , . . . } of the super- 
algebra with structure constants / „. One can transform the identity (|5.78p to a supercommutator relation 

of the operators [E^ ,...}, [E (A ) ,...}. These supercommutator operators [E (k) ,•••}, [E^ A) ,...} 
form by themselves (or by the identity ([3775])) the defining supercommutator with the resulting operator 
[[E( K ) , E^ A )} ,...} in place of the structure constants. The abstract supercommutator for the adjoint 
representation is usually abbreviated by the operator symbol ad^M oc [E( K ) , ■ ■ ■ } 



£(«) 



}}-(-!) 



e( 



->,...}} 



\Ik) y(\)\ 



},..-} 



(5.79) 



ad£(«) , adj, (A 



adf,( re ) ex 



SW,...} 



(5.80) 
(5.81) 



We apply the definition (|5.7ip with structure constants f KX ^ and the super Jacobi identity (|5.78I5.79[) to 
construct a representation with the structure constants (i f^ K \) for the generator ^(E^) with label 
'(«)' and with row and column indices fi, v 



MX) 



-(-1) 



xM-x(A) 



(5.82) 



The equations (|5.79H5.82"|) define the adjoint representation for E( K ) with the supercommutator [E( K ) , . . . } 
and its corresponding matrix elements (i f^ K \) with row and column indices /i, v. This matrix represen- 
tation is obtained by the action of the operator [(t / w ) , . . . } onto the state (i f^) whose coefficients i f K \ 
of the resulting states (i f^) yield the matrices for the adjoint representation. Using the super- trace 'STR' 
to construct a scalar product between 'basis states' of generators (i /^) , (i /^) , one finds the matrix 
representation of the operator [(z / M ) with the metric tensor g^ v = g Ufi = STR[(« f^) (i /^)] . The 
structure constants i f v can therefore be regarded as the operators and also as the corresponding states 
in the adjoint representation 



(./<»>),...} 



E (k) 



,...} 



oc ad 



(. /»),...} (./w) = ^r\ (*/») 



Operator 



efficients 



STR 



STR 









(") 



(5.83) 
(5.84) 

(5.85) 



Operator 



scalar product of states 
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The ambiguity of the structure constants, as being operators and states in the adjoint representation, 
can be applied to simplify arbitrary powers of [r, ...]_ in Fi([y,...]-) within the classical nonlinear sigma 
equations. A subsequent scalar product with state (i /^) and super-trace 'STR' allows to simplify the 
effective actions of the coherent state path integrals which only consist of super-traces 'STR' with the 
coset decomposition. We list in Eq. (15.86|) the action of a quadratic power of operators in the adjoint 
representation onto another generator of structure constants, being considered as a state. According to 
rule (|5.83l5.84p . we have just to multiply and sum the states (i with coefficients i f i f KU in 

reversed order instead of calculating powers of [Y, . . .]_ with Y = y K Y^ 



(*/»),...} [(*/ (A) ),...} (./<">) 



Operator 



Operator 



eX/j 



Operator 



coefficients statc 



if-". 
coefficients coefficients 



r P (* / (p) ) 



(5. 



STR 



'(/•/".)••••} [(*/ (A) )--"} 




Operator 

l f(°A (»/« 



= if 



(5.87) 



coefficients coefficients * coefficients coefficients 

scalar product of states a,p 



The relations (|5.86I5.87|) for a quadratic power of [Y, . . .]_ can be generalized to an arbitrary power n where 
one has to perform the multiplication of the structure constants for the operators in reversed order with 
an additional summation of states ( — i f^ 1 ^) 



(<f )....} ;(<r )....} (i / <* ) 



Operators (n - times) 



K n — i,V n 

Vn-1 



coefficients (n-times) 



STR 



[(, /(-)),...} [(, /<«»>),...} (./*">) 



state Operators (n - times) 

lf Kn 't n t/"- 1 '""^ •■■ lf K2 '% */ Ki a STR 
v * ' 

coefficients (n-timcs) 



'f 



if 



("i) 



(5.88) 



(5.89) 



The invariant integration measure of Osp(S, S\2L)\U (L\S)®U(L\S) has been determined in the fundamen- 
tal representation (see appendix^}, but it can also be calculated in the adjoint representation by using the 
Killing form. However, the Killing form may become degenerate for certain super-algebras so that one has 
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to rely to a different representation (as e.g. the fundamental one) instead of the adjoint representation for 
computing integration measures. It has already been mentioned in subsection l5.2l that the matrix Y(x, t p ) of 
the pair condensates can be transformed to a diagonal form YDo(x,t p ) in the fundamental representation. 
This transformation definitely simplifies the classical nonlinear sigma equations (j5.67p which also have a 
geometric meaning with the metric tensors Gq s k v and Gy^^ (see following subsection [O}. The specific 
use of representations for Osp(S, S\2L)\U(L\S) <g> U(L\S) can reduce the expenditure for determining the 
integration measure or the classical nonlinear sigma equations (compare e.g. the Cartan-Weyl basis or the 
Chevalley basis for simplifying the structure constants) 34 . 



6 Summary and discussion 

6.1 Geometric meaning of the Osp(S, S\2L)\U(L\S) nonlinear sigma model 

At first we investigate the action J^^-i [Z — T S T^ 1 ] (|6.ip following from the gradient expansion of the 
super-determinant. This action (|6.1jl only contains parts in the anomalous sectors a ^ b of the matrix 
fields \f~ 1 {x, t p ) (diT(x : tpj)\ a \ which decompose into the U(L\S) subgroup terms [i (<9i.g K ) H^]^ anc ^ 
the Osp(S,S\2L)\U(L\S) cosct part [ - (<%s K ) Y^] a jt b (([Ol), see also appendix El especially E2] with 
Eq. (TA~66|) ). The funct ions \dig K ) and (diS K ) depend on the pair condensate fields of the coset generator 
Y(x,t p ) oiT(x,t p ) = exp { — Y(x,t p )}. The explicit form of [T _1 (diT)\ a \ can be read from the relations 
in appendix IC.ll for a ^ b (Eqs. (jC.26IIC.36l) ): the subgroup parts with a = b follow straightforwardly 
with application of Eqs. 17111. 24"j) and similar calculations and are also specified by Eqs. (jC.12IIC.25l) in 
appendix lC.il The comparison of [T -1 (diT)] ° „ with the independent entries of W£p ( (j3.4ip in subsection 
13. ip in Osp(S, S\2L) allows to extract the generators H^ K \ Y^ and corresponding functions (dig K ), (dts K ) 



(a^b) 



(x, tp) 
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x a,b=l,2 



str 

a,/3 



\x,t p ) (d i f(x',t p f)Y* b \f~\oS,t p ) (djffatpj) 



b=£a 
j3a 



(6.1) 



T 



diT(S,tp) = i (dig K ) 



a0 



Sab 



a=£b 
a/3 



(6.2) 



Using the chain rule of differentiation, we introduce the left and right derivatives of even and odd parameters 
of the pair condensate fields y M onto the functions s K (j/ M ) and g K (y^) in the coset and subgroup parts 
(|6.3|6.4p . In consequence the spatial derivatives di act on the pair condensate fields y\ of the super- 
generator Y(x,t p ) = yx(x,t p ) y( A ) of Osp(S, S\2L)\U(L\S) and are therefore separated from the functions 
s K (yJ, g K {Vn) 



(diS K ) 
(pi9 K ) 



{diVx) 
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dy a 

d 
d~y\ 



S K (Viu,) 



Sk{V^) 



d 



dy a 

d 
d"y\ 



{diVx) 
(&y\) 



(6.3) 
(6.4) 



After insertion of (j6.3l6.2p into •A$_ 1 [T] flO} with a ^ b, we obtain the corresponding action (j6.5p with 



the metric tensor Gq< jjiy^) (j6.6p of Osp(S, S\2L)\U(L\S) depending only on the pair condensate fields 

y^(x,t p ). The spatial dependence is restricted to the derivatives [diy\{x 1 t p )) , (djy\/(x,t p )) which are 
combined with the transport coefficients c u (x, t p ). These transport coefficients can itself be regarded as a 
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metric tensor of spacetime coordinates 



(6.5) 
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(diVx) 
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/3a 
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(6.6) 



As one varies the action (|6.5I6.6|) with respect to y\(x,t p ) — y\{x 1 ) in the spatial d = 1 stationary case 
for classical equations, one acquires a geodesic curve ^^(a; 1 ) as result from a extremal principle for the 
squared distance (dso S p\u) 2 



(ds 0sp \uY <x dx 1 c 11 ^ 1 ) (d iyx {x 1 )) G^ A M (dxyvix 1 )) 



(6.7) 



This is similar to the extremal principle J ds oc J dr g AA (rc^) dx ^ T ' > ) 1 ^ 2 in the theory of relativity 

[52] , apart from the square of the distance in (|6.7[) . The pair condensate fields t/a are analogous to the 
spacetime coordinates x\ in the theory of relativity and the metric tensor . ^(y^) of the coset part is 

replaced by the metric tensor g xx (x^) of the spacetime variables. 

As one proceeds to the d = 2 stationary case in -A^-i [T] (|6.5[) (with y\(x, t p ) = y\(x 1 , x 2 )), a conformal 
invariance can be achieved with the transport coefficients or 'world-sheet' metric c 1 - 7 (x 1 , x 2 ) — 1,2) 
following from the average with the background field a^(x, tp). Applying the extremal principle with 
respect to y\(x 1 ,x 2 ), one considers an area element dS ()6.8|) in the space of y\, G^ s . uiy^) which depends 
on conformal 'world-sheet' parameters dz, dz* 

dS cx I dx 1 dx 2 c^(x\x 2 ) (d m ) G^ pXU (y,) fayv) ; (*,j = l,2) (6.8) 

dz dz* c{z,z*) (d z y x ) G^ pW {y^) (d z ,y x >) 

c(z,z*) dy x G&^utyn) dyy . 



oc 



*• 1 /2 

This conformal invariant case (|6.8|) allows to absorb the integration measure [SDET(Go S p\;y)] of the co- 
herent state path integral for pair condensates into the action (|6.5p so that Gaussian integrals are contained 
among the various other terms of the second order gradient expansion. Comparing to string or super-string 
theory, one can notice a close analogy with the 'world-sheet' parameters 'x 1 , x 2 ' and the complex valued 
spacetime variables 'y\(x l , x 2 )' in a transferred sense [56) . In fact the coset integration measure can be 
eliminated in the coherent state path integral and be transformed to the anomalous fields for arbitrary 
spatial dimensions. In general one has to apply the transformation 



[ G o 1 J P \u]x X d y*' 



yx(x,t p ) = yx(y ll (x,t p )) 



(6.9) 



1/2 

so that the super-Jacobi-determinant [SDET(Go S p\c/)] is canceled in the path integral. One obtains 
an additional functional relation yx — yxijj^ (j6.9[) in the actions with new variables yx(x,t p ), but 'flat' 
Euclidean integration measures and integration variables dyx(x,t p ) in the coherent state path integral. 



6.1 Geometric meaning of the Osp(S, S\2L)\U(L\S) nonlinear sigma model 
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Assuming constant coefficients c y (x, t p ) of the background field Up (x, t p ) , Gaussian-like integrations 
remain due to the restriction to second order spatial derivatives in the gradient expansion. Note that the 
derivation of the classical nonlinear sigma model equations (|5.67H5.6"5|) in subsection 15.21 does not alter 



with the inclusion of the coset integration measure and the transformation (16. 9|) to the new pair condensate 
variables y\ = j/a(^V*)- Instead of varying with respect to 6y\(x, t p ) 'mSY(x,t p ) = Sy K (x,t p ) Y^ K ', variations 
can be performed with the relations 5y K = J*^- 6y K > which do not change the derivation of the nonlinear 
sigma model equations in subsection 15.21 The inclusion of the coset integration measure can be regarded 
as introducing quantum properties into the nonlinear sigma model. This means in the case of the resulting 
nonlinear sigma model equations in subsection 15.21 that the functional dependence y\{x,t v ) of the coset 
generator Y(x 7 t p ) = y\(x, t p ) in the effective equations (|5.67M5.65|) is corrected according to y\(x, t p ) = 
V\(ytj.{x,t p )) for the new 'quantum-like' pair condensate variables ^(x, 

Similar considerations apply for the action A'jjlt [T;Jj 7 + K] (|6.10p in the spatial d = 1 or d = 
2 stationary case. The variation in the d = 1 spatial case can be compared to the derivation of a 
geodesic curve in the theory of relativity apart from the 'square' of the distance (<is;y(z,|s)) ■ The ac- 
tion A'^l x [T; Jj^ j+ K] (|6.10[) is composed of the dyadic source matrix J+ (x, t p ) K (|5. 4815.49ft and the 

matrix fields \f~ 1 (x : t p ) (diT(£, t p j)] a „ of the coset generator Y(x,t p ). The latter matrix fields can be 



attributed to relation (|6.2[) with subgroup generators and functions (dig K ) and coset parts YW with 
functions (diS K ) (see Eq. (|6.1ip ) 



T T+ 



K] 



i 

'Jf 



dtp ^ — > 



d lj (x,t p ) x 



(6.10) 



STR 



(dif(x,t p fj f~\x,t p ) Jj^j+(x,t p )K (djf(S,t p )j f-\x,t p ) 



a0 



d,T(x,t p )j T-\x,t p ) 

"'-\S,t p ) (dif'&tp) 



T 



a/3 



f'=oxp{y}=f- 1 

- 1 (d l9K ) 



ab 



a/3 



a^b 

a/3 



(6.11) 



Using the properties of the dyadic source matrix and (|6.1ip . we can reduce relation (|6.10p to an action 
(|6.12[) which is composed of the metric tensors G^ p \u (Up', Jj^ j+ K)> G u > (L\s)(yt J -' ^ J^, J + ^0 14I6.13[) 
of the coset Osp(S, S\2L)\U(L\S) and U(L\S) parts with the dependence on the dyadic source matrix 



(6.12) 



(<%a) &oip\ v (»/*; & h) K ) - g u X (l\s) (Vn\ J, j^j* & h) K ) (d 3 yx') 



g u\l\s) (y»> J J^,jt @> tp) K ) 



str 

a, (3 



d 
d~y 



x 



i ii 



a/3 



(6.13) 



i ii 
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6 SUMMARY AND DISCUSSION 



str 

a,0 



d 



(6.14) 



dy 



a/3 



Pi 



dy . 



7« 



A conformal invariant action in the d — 2 stationary case can also be derived for f|6. 13j) with the dyadic 



1/2 

source matrix. The integration measure [SDET((50 S p\£/)] of the coherent state path integral of pair 



condensate fields can be transformed to the action A^l^T; Jj^ j+K] 



however, one does not achieve 



simple Gaussian integrals with constant variances in the exponent as in (|6.8|6.5I6.6|) for d = 2 because 

— 1/2 

the transformation with the inverse square root of the metric tensor (Gosp\u) from the integration 
measure does not cancel the metric tensor Gjj^g) in the action (|6. 1216.13ft of the subgroup part. Therefore, 
trivial Gaussian integrals as in (|6. 816. 516. 6ft with the coset part do not result for the spatial d — 2 stationary 
case of (|6.12I6.13[) with subgroup U(L\S) and metric G^ L ^ S ^ [y^] Jj^ j+(x,t p ) K). In the general case of 
arbitrary spatial dimension d, the transformation (|6.9|) can be applied for the actions (|6.1l6.5ti6T6l 16. 1016.121 
16. 14[) of the coset and subgroup parts. The integrations J dy\ — J [Gq 1 /^]^ dy\> (|6.9[) have to be 
performed for determining new functions y\(x,t p ) = yx(yij,(x,tp)] which replace the coset integration 
measure in the coherent state path integral with new Euclidean integration variables ditj^ix^tpj) for the 
pair condensates. According to the restriction to second order spatial gradients, Gaussian-like integrations 
follow for arbitrary spatial dimensions, but with nontrivial variances which depend on the new 'quantum- 
corrected' pair condensates y^x.tp). The transformation to the new pair condensate fields y^(x,t p ) (|6.9p 
includes the 'quantum-corrections' of the coset integration measure into the derived classical nonlinear 
sigma model equations ([ST 



6.2 Conclusion and outlook 

Although the assumed super-symmetry of bosonic and fermionic atoms may appear fantastic, there are 
experimental and theoretical attempts to incorporate fermionic degrees into BE-condensates of bosonic 
atoms in trap potentials [TU]-[II] )[!!]• Even when the assumed super-symmetry cannot be realized, this 
article describes the various steps for extracting Goldstone modes of pair condensates with either symplectic 
Sp(2L) or orthogonal SO(S, S) symmetry for bosonic or fermionic constituents. One can also transfer the 
symmetry considerations of section [3] to the case with disorder and with an ensemble average over a 
random potential [551. The HST transformations have to be modified by 'hinge' functions so that the 
group manifold of the self-energy coincides with the group of the invariant transformations of the coherent 
state path integral. The separation into subgroup and coset parts is possible due to the factorization of 
the integration measure and the parametrization of the total self-energy into factors of density and pair 
condensate matrices. The gradient expansion extracts the Goldstone modes from the super-determinant 
and we obtain an additional term in the nonlinear sigma model caused by the source fields or 'BEC wave 
function seeds' jxp^ a {x : t p ). There is a close analogy of the actions with pair condensates to the theory of 
relativity and string theory in the spatial d — 1 and d = 2 stationary case. It definitely seems fantastic, 
but the production of ordinary paired bosonic atoms for molecular condensates or the creation of paired 
fcrmions to BCS terms can be regarded as a realization of either a boson-boson or fermion-fcrmion string 
theory in spatial d = 2 experiments with anomalous terms as Goldstone modes. 

Further investigations are persecuted for the problem of integrability concerning the nonlinear sigma 
models 57 ( 58 , 59, 60 and also the Skyrme model [61 - 64 . The Lax pair for various nonlinear sigma models 
is definitely known, as in the case of e.g. the nonlinear Schrodinger equation (NLS), so that an infinite 
series of conserved quantities can be generated (see for example [571 [58]). However, one has to prove the 
independence or involution of these conserved quantities. In the case of the NLS equation or other nonlinear 
equations, this is accomplished by the 'fundamental Poisson bracket relation' and the r-matrix which has 
to fulfill a compatibility relation (a kind of Jacobi-identity), the so-called 'Classical Yang-Baxter Equation' 
(CYBE). This CYBE allows a group theoretical investigation and classification of possible r-matrices and 
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corresponding integrable nonlinear equations [65) . Eventually, extensions of the CYBE may also allow 
statements concerning non-integrable systems as one includes deviations into the integrable equations for 
chaotic behavior. However, in the case of the nonlinear sigma models, the 'fundamental Poisson bracket 
relations' have to include Schwinger-terms (derivatives of spatial delta functions as result of commutator 
relations) with an additional so-called s-matrix apart from the mentioned r-matrix [66, 67J. Therefore, we 
examine extensions of the CYBE with the r-s matrices and Schwinger terms. A similar classification of 
these r-s matrices may be possible by modified CYBE of 'non-ultra local form'. The extensions of ordinary 
algebras and groups to the case with Schwinger-terms have been investigated [^-[TDj and may be applied 
to our case of the Osp(S, S\2L)\U(L\S) nonlinear sigma model with r-s matrices and modified CYBE's. 
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A The Integration measure for Osp(S, S\2L)\U(L\S) <g> U(L\S) 

A.l Diagonal density and anomalous self-energies with super-unitary matrices 

of U(L\S) 

The self-energy ^2Nx2n(x, t p ) K Q3. 94113 .9"c>|) with metric K ()3.7p and anti-hermitian anomalous terms 
is a generator of Osp(S, S\2L) as W®% (|3.41|) in subsection 13.11 In subsection 13.21 a coherent state path 
integral (|3.93|) with super-matrix Mg b a .g, g(t p , 1f q ) (|3.92p has been derived so that a decomposition or 
'diagonalization' into density terms 8S^d-,2Nx2n{x, tp) and mean field tr^\x, t p ) (|3. 68H3.74"]) can be achieved 
with coset matrices fi(x,t p ), f 2 (x,t p ) (|3.55H3.61j) Osp(S, S\2L)\U(L\S) in Z[J,J^,,iJ^] EJ We 

choose the following transformation (jA.lj) from the 'flat' form of the super-generator T,2Nx2n(x, t p ) K of 
Osp(S, S\2L) to a coset decomposition Osp(S, S\2L)\U (L\S)®U(L\S) where we define the matrix T(x, t p ) = 
Ti(x,t p ) and its inverse form T -1 (s,ip) = K T 2 {x,t p ) K from T 2 (x,t p ) (KM- We also introduce the 
transposed form {5Y?^. NxN {x,t p ) k) s1 = —SY l p. NxN (x,t p ) (IA.7|) from the '11' block of ST,D;2Nx2n(x, t p ) K 
with the metric k ()3.7p in the '22' block 



X 2 Nx2N(x,t p ) K = D . (Q) . ~ ) (A- 1 ) 




{x, t p ) 



d^NxN — {^Nxn) S^NxN — 1 ^^NxN ^NxN = 1 ^^NxN (A-2) 



In the following the tilde ' ' of S2jv X 2iV (and also of Mg a .gi g(fp, t' q ) l|3.92jl ) refers to a self-energy with anti-hermitian 

rialous terms £»J 

y21 . y21 _ (y 

NxN> NxN ~ \^ 



anomalous terms Sj| xAr = i Sj| xAr , S^ xJV = i S^ xJV , in comparison to T*2Nx2N with hermitian pair condensates S^ xJV , 
21 . v21 _ /vl2 \ + 
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A THE INTEGRATION MEASURE FOR OSP(S, S\2L)\U(L\S) (g) U(L\S) 



12 

NxN 



(Sc L 



Sc LxL Sf)l xS 
SrjsxL Sf SxS 

T 

= SclxI 



(sf, 



SxS 



SfsxS 



S^D-2Nx2N(x,t p ) K 







(St 



2 D;NxN( x *'tp) K ) 



\ 8T, 2 ^. NxN (x,tp) knxn 

( 5 Bd,lxl SXd.LxS \ 
\ $Xd,sxl SF DyS xs J 

(5Bd,lxl) + = SBd.lxl (SFdxxl) 

~ fi^-*D;NxN( x > tp) 

f{x,t p ) := f x {x,t p ) f 2 KT l =K -^f- 1 {x,tp) = KT 2 K 



SF, 



D.LxL 



(A.3) 

(A.4) 

(A.5) 

(A.6) 
(A.7) 
(A.8) 



One has to calculate the super-symmetric metric tensor Gq' for the transformation from the 'flat' lo- 



cal coordinates d(zZ 2 N X2 N(x,t p ) K) (see the first line in (jAAp ) to curvilinear coordinates da° D \ 2 nx2N + 
d(T ST,n-,2Nx2N K T^ 1 ) with mean density field <Tp(x, t p ) and coset matrices T, T _1 coupled to the 
densities in a coset decomposition Osp(S, S\2L)\U(L\S) <g> U{L\S) so that the local distance (ds 1 ) 2 (|A.9|) 
is invariant. (Greek indices label commuting, as well as anti-commuting variables; the summation conven- 
tion over repeated multiple indices is always implied.) The super- Jacobian ^(c^) for the transformation 
to general curvilinear coordinates da^ (/i, v = indices for the independent even and odd parameters of 
Osp(S,S\2L)) is given by the square root of the super-determinant of the metric tensor Gq' (Compare 



with the invariant volume element in the theory of general relativity 
{ds'f = STR\d(Z 2Nx2N K) d(Z 2Nx2N K) 



J) 



(A.9) 



2(L - S) (da 
2da ( ° ) STR 



STR 



d(f 6± D . 2Nx2N Kf- 1 ) d(TSt D 



2Nx2N 



KT' 1 ) 



T ST,D;2Nx2N K T 



f)T n 

on D-NxN 



'(^"d-NxN k ) 



(ds 0sp ) 2 = do ^ G, 



Osp 



The mean density field da]y decouples from d(T <5£d-2JVx2JV 

M 



>s P ) • (A.fO) 
K f- 1 ) in (jA~9|) so that we obtain as the 



first independent integration variable the field da D and a remaining invariant length (ds) 2 (|A.11[) with the 
coset decomposition in (|A.1[) 



(dsospf = STR d(f St D 



,2Nx2 N Kf- 1 ) d(TSt D;2Nx2N Kf- 1 ) . (A.ll) 



In order to obtain the invariant measure, we have to diagonalize the density term 5Yid-,2Nx2N K (|A.12l 
IA.14|) with the '11' block 5f^. NxN and its super-transposed part S'E 2 ^. NxN K in the '22' block with the 
additional minus sign (|A.7|) . (The index range for the angular momentum degrees of freedom is changed 
from —I, . . . , +1 and — s, . . . , +s to 1, . . . , L = 21 + 1 and 1, . . . , S = 2s + 1 for the bosons and fermions, 
respectively.) This diagonalization is performed with the super- unitary matrices Q]^ x n, Q 2 nxn (jA.151 
lA~19l) of U{L\S) with the same number of independent parameters for 6Yl^. NxN , 



The eigenvalues SX NxN (fA~T4|) for the '11' and '22' block 5£#. 



D-.NxN' 



5E 



22 

D-NxN 



SE% 

■NxN K ' respectively. 
K differ only by a minus 



sign and determine the maximal abelian Cartan subalgebra of U(L\S) with rank L and rank S in the 
boson-boson and fermion-fermion parts. Therefore, the eigenvectors Q 2 ^ xN (|A.16p are related to Q]vx~iv 
by super-transposition (|A.19|) . The eigenvectors Q]^ xN (IA.15j) and Q]$ xN (|A.16I) are specified by the 
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angles Bd.lxl, ^d,sxs and &d.Sxl, LxS which form a super-hermitian matrix. Since N = L + S 
degrees of freedom are already contained in the eigenvalues SXnxn (| A. 14|) . we have to require that L (S) 
parameters have to vanish in the hermitian matrix Bd.lxl (3~d.sxs) of the boson-boson (fermion-fcrmion) 
part (|A.17IA.18[) . It is convenient to choose vanishing diagonal matrix elements #D,mm = 0; m = 1, . . . , L 
{Fd,h = 0; i = 1, .. .,S) 

S'^D-NxN — Qn'xN { B ^ xL ) Q^NxN (A- 12) 



}ii,-i 

o N XN 



NxN 



a, 



QnxN d^NxN Q'NxN 
^22 ~ _ /— r> 22 -+ ~\ I ^ B ® \ 5 ~ <n22 



^D;NxN K — ( K Qn'xN k ) ( g ) Q'nxN (A. 13) 



-)22,-l 
i NxN 



NxN 



—SXn 

= Qn'xN {~$^Nxn) Q"nxN 



SXnxN = (SXb-,1, ■ ■ ■ , SX B ;m, ■ ■ ■ , 5X B ;L ] 5X F ;l, . . . , 5X F ;i, ■ ■ ■ , SX F . s ^j (A. 14) 



)% XN = exp J ^ L X ALXS B+, £x L = B DtLxL (A.15) 




Bd,lxl &j 

&D,SxL J~D,SxS 

l V -a -I'M l5' LxL S"* 5 )) n t a*s = tn,s*s (A.16) 

= ,(m = l,...,i) (A.17) 

(« = 1,...,5) (A.18) 

(Q 2 nxn) = Qn'xN = Qn'xn • (A. 19) 

Considering relations (|A.12HA.19|) . the block diagonal density term <5£D;2iVx2iv ■K' is diagonalized with 

the block diagonal super-unitary matrix Q2NX2N arid doubled eigenvectors <5A^ = (<5A Q ; — <5A Q ) (a = 
1, . . . , L + 5 = N; a = 1, 2) as Cartan subalgebra of 0sp(5, S\2L) 

Qn'xN A S^NxN \ / QjvxiV 



' >:?,:2V JV K ! "0" o^M -*wM "0"" yf.v 



Q2N X2JV 5A2JVx2Af Q2N X2N 

Q2NX2N ^2JVx2JV Q2NX2N (A. 20) 



^A 2 Ar X 27v = diagf<5AjvxJV ; -^AatxtvJ • (A. 21) 

The coset matrix T (|A.1|A.8|) Osp(S, S\2L)\U(L\S) has to include an additional imaginary factor in 
the super-generator Y2NX2N (|A.22HA.24|) so that anti- hermitian pair condensate terms are attained in 
^2Nx2N K (jA.ip . We define the super-matrix Y^NxiN as generator of T2NX2N with the matrices Xnxn, 
knxn x nxn ano - theh symmetry restrictions (|A.24[) which are determined by the '12' and '21' blocks of 
the derived generator W$, 13741"]) of Osp{S, S\2L) in scctionO 

T 2 nx2N = expizf „ 9, lX NxN \ I _ cxp r _ y 2N x2n\ (A. 22) 

I V * K X NxN )) I J 
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V / " X NxN \ y ( CD.LxL Vd.LxS I , i ,y>, 

*2Nx2N — ~ v>+ „ -&NxN — I ? (A.Z6) 

' kX NxN / V ~VD,SxL jD,SxS 



Cd,lxL = cd,LxL fr>,sxs ~ -fo,sxs • (A. 24) 

Similarly to the diagonalization of SzZd : 2Nx2N K (|A.20|A.2ip with matrix Q,2Nx2N of f7(i|S') in rela- 
tions (|A.12|) to (|A.2ip . the coset generator X^xN (|A.23|) can be factorized into diagonal complex terms 
(— clxl ; fsxs) of the matrix Xdd-.nxn (| A.25j> (with fg x g composed of antisymmetric quaternions or 
standard Pauli-matrix t-i) and related super- unitary matrices Pj^ x ^, -PjvxAr with equivalent independent 
parameters. A similar relation (|A.28|) exists for super-transposition between P^ xN and Pff xN as for Q]^ xN 
and Q% xN (IA~T9|) 




Xnxn — Pn x + n I n I P"n x n - p nxn x dd-nxn P~nxn (A.25) 



>ii 



P^ XN = exp z V>*x» C+ =C Aixi (A.26) 



, sf 




Pj&„ = exp z V ^, SxS = fo, S x S (A.27) 



Pnxn) — Pnxn — Pnxn ■ (A. 28) 



The symmetric molecular condensate matrix Cd,lxL (|A.23|A.24p consists of L(L + 1) independent real 
parameters which have also to be contained with the equivalent degrees of freedom in the diagonalization 
(IA.25HA.28l) . This is accomplished by vanishing diagonal elements Co. mm — in the hermitian boson-boson 
part Cd,lxl of the super-unitary U(L\S) generator of P^ xN , P^xN an d by choosing complex eigenvalues 
ci, . . . ,c L in X DD . NxN (|A.25P 

C D , mm = (m=l,...,L) (A.29) 
clxl = diag|c m | = diagjci, . . . ,c m , . . . ,c L | c m e C (A. 30) 

parameters of :|cd,lx£ J = L{L + 1) independent real entries 
parameters of :|Cd,lxl| = L 2 — L independent real entries (A. 31) 

parameters of :|cl x l | = 2L independent real entries 

The choice of parameters for the fermion-fermion part in Pj^ xN , -fjv^xiV ljA.26HA.28)) is more complicated 
as in the boson-boson block (|A.29IIA.3l"j) because one has to introduce quaternions or the 2x2 Pauli- 
matrices tj (j = 1,2,3) including the unit matrix To = 12x2 for the parameters in Qd,Sxs (| A.27[) and for 

the complex quaternionic eigenvalues fg x g (|A.25|) . The eigenvalues fg x g are block diagonal quaternions 
fry.\rv = ( T 2) fiv f r ( r > r ' = lj • • • }S/2; (i, v = 1,2) and have to be antisymmetric (or have to be assigned 
to the standard Pauli-matrix T2) so that the BCS-terms Jd,SxS m XnxN, ^2JVx2JV (jA.23IA.24p are also 
antisymmetric as fsxs m ^2Nx2N K (Compare with the anomalous parts in the generator W£g (|3.4ip 
of Osp(S, S\2L) in section |3~T|) . The matrix GD; rfJ ,,r'v (|A.32|) is therefore composed of 2 x 2 quaternions 
with complex fields Q^. rr , whose indices r, r' range only from 1 to 5/2 because of the division into 
2x2 submatrix elements {Tj)^ v , (j = 0, ...,3; /i, v = 1,2). Since the quaternions are represented by 
hermitian matrices, the elements Q^. rr i are also hermitian (|A.33p . The antisymmetric matrix Jd,sxs m 
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Xnxn, Y2Nx2N (|A.22HA.24|) for the BCS-condensate has S 2 — S independent real entries (|A.37|) . Since 
the complex quaternionic eigenvalues f rfl - rv = { T 2)^v f r (r,r' = 1, . . . , S/2) contain S independent real 
parameters, the block diagonal quaternions or 2 x 2 matrices Qd^^.tv (|A.34|) have to vanish in the hermitian 
fcrmion-fermion part of P]^ xN , PffxN so that the same number of S 2 — S real degrees of freedom is retained 
in the parametrization (jA.25HA.28f for the fermion-fermion section (|A.37[) 

3 

Qo^r'v = ^faWegv (r,r' = l,...,S/2) (A.32) 

i=o 

(p, v = l, 2), (t = 1 2 x2 , n, r 2 , r 3 = Pauli-matrices) 

Gd-^Vv = GDiv^u G$f r >=G$ r , r (j = 0,...,3) (A.33) 

Go-r^ru = for (r = l,...,S/2),0i,f = l,2) (A.34) 

7sxs = diag|7 rM;riy | =diag| (t 2 )^Ji, ■ • • , (t 2 )^ J r ,.. . , (r 2 )^ 75/2} ( A -35) 
(r=l,...,5/2),(/i s i/ = l,2) / r eC 

/sxS = -/sxS ( A - 36 ) 

parameters of :|/rj.sxs| = S 2 — S independent real entries 
parameters of :|^rj;r^,r';/| = S 2 — 2S independent real entries (A. 37) 

parameters of :|/ SxS j = S independent real entries 

Since the generators Xnxn, Y 2 nx2N (|A.22HA.24|) can be transformed to the diagonal elements clxl for the 
boson-boson part (|A.25|) . and to the block diagonal antisymmetric quaternions f SxS (|A.25|1 . the coset ma- 
trix T 2 nx2N (|A.22|) of Osp(S, S\2L)\U(L\S) can finally be decomposed into the block diagonal eigenvectors 
p nxn> p n 2 xn of p 2Nx2N and the coset matrix f D . 2Nx2N with generators Ydd-,2Nx2N, X dd . NxN 

XnxN = P N~xN X DD;NxN P ]VxN = P NxN [ n "7 ) P "nxN (A. 38) 

K -^-NxN = K P NxN K K I — + ) P NxN (A. 39) 

■ Y + 

' DD\N X JV 




P NxN \ I X DD , NxN \ ( P$ xN 



2NX2N - \ £22,-1 I I ~ f-+ Q I n A22 

u NxN / \ K DD;NxN u / \ u *NxN 



*2Nx2N YdL 

5-1 



— P 2Nx2N YdD:2Nx2N P 2Nx2N (A.40) 

T D -2Nx2N = exp | - Y DD;2Nx2 n\ ( a -41) 

► T 2 Nx 2 N = exp{— ^2JVx2iv} = P 2 Nx 2 N P D- 2 Nx2N P 2 Nx2N ■ 

In subsection IA.3I the exponential exp{— Ydd-2Nx2n} (|A.41|) is expanded with the diagonal matrices 
Xdd-nxn, k Xdd-nxN (|A.38IA.39P in the generator Ydd-,2Nx2N (|A.40|) so that the even (boson-boson, 
fcrmion-fermion) parts and the odd elements in the boson-fermion and fermion-boson sections can be com- 
puted in terms of the eigenvalues c m (m = 1, . . . , L) and f r (rg)^ (r — 1, . . . , S/2, /x, v = 1, 2). The 
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relation (|A.4ip then leads from the expanded exponential Tjj- 2 nx2N with the eigenvalues in Xdd-nxn to 
the coset matrix T2NX2N with block diagonal matrix P2NX2N and its inverse. 

The density term <5E_d;2JVx2JV K (|A.20IA.21[) is diagonalized with matrix Q2NX2N and the doubled 
eigenvalues SA 2 nx2N so that the invariant length (dsosp) 2 (|A.11[) takes the form (|A.42|) with coset matrix 
T2NX2N 



[dsospf = STR 
= STR 



d(T ST, D . 2Nx2N K T ) d(T SE D ;2NX2N K T 

dlfQ- 1 5A 2Nx2N Qf- 1 ) difQ- 1 SA 




(A.42) 



where To ; 2Afx2Af is defined by the product of T 2 nx2N (|A.22|) and the super-unitary matrix Q 2 Nx2N (prim 
lA~20l) of U(L\S) 

To-2Nx2N — T 2 Nx2N Q2NX2N ■ (A. 43) 

The expansion of curvilinear elements d(To 8 A Tq 1 ) (|A.44jl results in a commutator between T ~ l dTo and 
the diagonal doubled eigenvalue density term <5A2at X 2At, the Cartan subalgebra elements of Osp(S, S\2L), 
and in addition in the local eigenvalue increments d(SA 2 pf x2 N). The sum of these two terms is rotated by 
the matrices To, Tq" 1 which act as a similarity transformation (|A.44I) so that the invariant length (dsosp) 2 
(1A.42[) is transformed to the square of the sum of the commutator and the local eigenvalue elements d(SA) 
(lA~45l) 



d(T a 5 A T - 



(dsosp) 2 



= T Q 
= STR 



d(SA) 



TrT 1 dT , 5A 



(A.44) 
(A.45) 



The diagonal matrix elements [(T 1 dTo) , SA] ° (a = 1, . . . , N = L + S; a = 1, 2) of the commutator in 

(ds) 2 (IA.45IA.42IA.lip vanish so that the local eigenvalue increments d(SA^ ) decouple from the commutator 
term in (|A.45p and yield another decomposition of the metric (|A.46[) . Since the '11' block S'S]^. NxN follows 



by super-transposition from the '22' part <5X 



22 

D;NxN 



k {s£%. 



NxN 



NxN 



) and since the 



super-traces are cyclic invariant for the matrices of the pair condensates, the corresponding terms in the 
density and anomalous parts can be summarized by a factor of two. The invariant length (dsosp) 2 (|A.45j) 
therefore reduces to the following relation (The metric k^xN = (Ilxl ; — Isxs) considers the additional 
minus sign in the fermion-fermion part of a super-trace relation (Compare with (|2.16l2.3ip ).) 



{dsospf 



STR 



[To" 1 df , SA] + d(SA) 



(A.46) 



2 str 



N=L + S 

d(SX a ) d(SX a ) - ^2 k aa (fg 1 df ) af3 (f ~ 1 df ) l3a (SX/3-SX a y 

a, /3=1 



str 



N=L+S 

^oux [(^V 1 dT o) af3 (^o" 1 dT o)f} a { SX P - sx a y 

a, j3=l 

str 

N=L+S 

53 kaa [(To' 1 dT o) af) (lo 1 <rfo) fia (SXp + SXa)' 

a, p=l 



str 
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N=L+S 

«oc [(^V 1 df ) a/3 (To 1 df o ) 0a (SX a + 6X P ) 

a, 13=1 



str 



= 2 str 



Af=L+S 

d(£A a ) d(5A Q )]-2 k «« [(T^dfo) 1 ^ (ToUfo)^ (S\ p -S\ a y 

a, (3=1 




(f -Uf )™ (to 1 dfo) 2 ^ (sx p + sx a y 



It remains to determine (f 1 dTb)° i n (dsosp) 2 l|A.46|) with block diagonal matrix Q2NX2N (1A.15IIA.20]) 
of {/(L|5) and generator ^2jvx2JV (jA.22IA.24jl which has been diagonalized with P2NX2N (|A.25IA.28j> to 
Ydd-,2Ny.2N (|A.38HA.41p . In the next section |A~21 we derive general relations about the variation of matrices 
as Tq 1 dTo and Q^ 1 dQ in terms of the generators where one has to apply the group structure of these 
matrices. 

A.2 Determination of T^ 1 dTo an d Q -1 dQ with generators of Osp(S, S\2L) and 
U(L\S) 

In order to compute T^ 1 dTo and Q _1 dQ, we have to apply the Lie group properties of Xb, Q which are 
not any set of arbitrary matrices, but consist of a closed Lie super-algebra osp(S,S\2L) and u(L\S). By 
way of example we consider a general Lie super-group with elements G A (|A.47[) composed of a basis of 
generators AM with a closed Lie super-algebra (|A.48|) . following from supercommutators [. .. , . . . } with 
corresponding structure constants f K A ^ (compare section 15 . 3|) . The super-generators AM are combined 
with even or odd parameters a K , depending on the even or odd degree of AM ^ so that the exponential 
of A — AM a K results in a group element G A (jA.47|) which can be multiplied with an element G A , = 
exp{AM a' x } with a different set of parameters a' x in order to lead to another Lie group element Gi„ with 
parameters a'^ (|A.49|) 



G 



G Si, 



G A G A , 



exp{i} A = AM Qk 

tf A , AM 

exp {AM a K } exp {AM a ' x } = exp {AM a '^} 



(A.47) 
(A.48) 

a" = a"(a K ,a' x ) (A.49) 



The general composition G^ 1 dG A as T 1 dTo in the invariant length (ds) 2 (|A.46[) implies a variation with 
the generators dA = AM da K of the infinitesimal parameters da K 

exp{-A} d(exp {A}) = exp { - A} (exp {A + dA} - exp {A}) (A. 50) 



G ; dG I 

4 A 



di = i (K) da K 



(A.51) 



However, we have to consider that the exponential exp{^4 + dA} in (|A.50|) is again an element of the 
underlying Lie super-group which can therefore be obtained from multiplication of G A = exp {^4} with an 
element G d g of the Lie group, consisting of the variations db K (a\) of yet undetermined functions b K (a\) of 
the original parameters a K of A 



exp{i + di} = G A+dA = G A G d6 



(A.52) 
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= exp{i} expjcLB} dB = A (k) (b K (a x + da x ) - b K (a x )\ ■ 

By substituting (|A.52|) into (|A.50j) . we derive the general relation (| A. 53(1 for the variation of a Lie (su- 
pergroup. The variation exp { — A} d( exp {^4}) is equivalent to the sum of the (super)generators A^ K \ 
each multiplied with the derivative (db K ) / (da\) of functions b K (a\) and the infinitesimal variations da a of 
the parameters in dA (IA.51[) 

exp {-A} d(exp{A}) = exp { - A} (exp {A} exp {dB} - exp {A}^j (A. 53) 

= exp {dB} - 1 « dB = AW dbJa x ) = A^ d a x . 

da x 

The functions b K (a\) (|A.52|A.53p depend on the considered group and remain to be computed by a different 
relation (|A.80|A.83p which has already been introduced and proved in subsection 1 1.21 fcompare Eqs. (|1.17t - 

[EM}). 

The Eqs. (|A.47[) to (|A.53[) have to be assigned to the relations T _1 dXb and Q^ 1 dQ in the invariant 
length (dsosp) 2 (|A.46|) . The maximal commuting Cartan subalgebra with generators A^ Q ' of Osp(S, S\2L) 
is given by the doubled eigenvalues SA2NX2N = (d^NxN —3^nxn) (|A.54|A.55p . The super-unitary 
subgroup U(L\S) of Osp(S, S\2L) consists of the diagonal commuting elements SX a = (i5As ;m ; 5Xp ; i) and 
the ladder operators which are determined by the direct sum of the block diagonal generators in the '11' 
and '22' parts of the matrices Q2NX2N, P2NX2N (|A.56|A.57j) . respectively. The independent parameters q K , 
p K (|A.56IA.57[) f° r the generators in Q2NX2N, P2NX2N follow from the defining relations (|A.15IIA.19|) 
and (|A.25IIA.37| in subsection lA.il (Note that the diagonal elements Bu.mm = 0, Tu.a = and Co, mm = 0, 
QD-,r^,ru = vanish; compare with Eqs. (|A.17IA.18|) and (|A.29IA.34|) K The coset elements f 2N x2N (jA.22l 
IA.24[) Osp(S, S\2L)\U(L\S) for the antihermtian anomalous terms are given by the generators ?W (IA.58j) 
of the matrix l2jvx2JV (|A.23|) with the set of the independent variables y K of cd.lxl, LxL> /d.sxS, 
fi)SxS an< ^ Vd,sxl, Vd lxS- The ladder operators h'^ of P2NX2N (|A.57|) ('note the prime') have the 
structure of a Clifford algebra in the fermion-fermion block; therefore, the ladder operators h'^ are not 
completely identical to those (|A.56[) within Q 2 u nx2N f° r the U(L\S) subgroup (e.g. compare [33] for 
details) 

SA2NX2N = ( SXn * N J )=A (Q) SX a (A.54) 



— SXn x n _ 

{SX a } = {SXb;i,---,SX B ;l;SXf;1,.--,SXf;s\ (A. 55) 

Q2NX2N = exp{iq K h {K) } (A.56) 
q K = independent variables of ■■\B D . L y, L , ^d-,sxs\^d-sxl^d-lxs] 
8fl,mm = (m=l,...,L) F Dt u=Q (i = l,...,S) 

P 2 Nx2N = exp{ip K h' (K) } (A.57) 

p K = independent variables of :|cD;LxL,fo;Sxs;Ci);SxL,Ci) ; Lxs} 

C D ,mm = (m=l,...,L) Qd-t^tv = (r = l,...,S/2; (i,v = l,2) 
f 2N x2N = exp{-y K Y^} (A.58) 
independent variables of :|c D , 



Vh 



-T _ - fT — f 

c D,LxL — c D,LxL JD,SxS ~ J- 



D,SxS 



The ortho-symplectic Lie super-algebra osp(S, S\2L) therefore separates into the super-unitary subalgebra 
u(L\S) with doubled generators of the '11' and the '22' parts of the density terms which can be divided 
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into the maximal abelian Cartan subalgebra with doubled 'eigenvalue' generators A( Q ) (|A.54IA.55IA.21[ 
IA.14P and ladder operators of u(L\S) (|A.59|A.61|A.62p . The remaining generators F (k) (|A.60jl of 
Y%Nx2N hi T2NX2N define the coset space Osp(S, S\2L)\U(L\S) and are derived from the '12' and '21' 
parts with matrices Xnxn and k X^ xN (|A.22tlA.24|) . The Lie super-algebra osp(S, S\2L) contains closed 
supercommutator relations for the subalgebra u(L\S) (|A.62[) with maximal abelian Cartan subalgebra 
(|A.61j) of the doubled 'eigenvalue' generators AW ()A.54|) . The subalgebra u(L\S) is represented by the 
direct sum of block diagonal density terms <5£ n , <5£ 22 k whose commutators therefore result again into 
block diagonal structures of density terms (IA.62j) . The commutators between Y^ (having entries in the 
'12' and '21' sections with matrices X^xN, k X^ xN ) and the u(L\S) subalgebra generators lead 

again to coset elements Y^ K > (|A.63|1 whereas the supercommutator of two coset elements yields elements 
{H} of the subalgebra u(L\S) of osp(S : S\2L) (The M K ) generators denote the ladder operators of u(L\S).) 



= {A! tt ),ftW} subgroup U(L\S) of Osp(S, S\2L) (A.59) 

|r (K) | = coset space Osp(S, S\2L)\U(L\S) (A.60) 

AW , A^'J = (A.61) 

{H} , {H}} = {H} (A.62) 

'{H} , {Y}} = {Y} (AM) 

~{Y} , {Y}} = {H} . (A.64) 



Applying the general considerations (j A.47IIA.53]) and (|A.54IIA.64| . we conclude for the variations T 1 dfo 
and Q~ 1 dQ (|A.65j) the relations (|A.66|A.67|I . In consequence of Eq. (|A.53j) for a general Lie group, we 
acquire for the variation Q^ 1 dQ (|A.65|A.66|) in the subgroup U(L\S) the sum of super-unitary generators 
u(L\S), each multiplied with corresponding functions df K (q\) (in place of db K (a\) in Eqs. (|A.52IA.53[) L 
According to the commutation relations (|A.63IA.64[) . the variation T _1 df consists of coset algebra elements 
{y( K )} with functions ds K (y\), which have to be calculated, and also subalgebra generators {H^} of u(L\S) 
with corresponding unspecified increments dg K (y\) (T a . 2Nx2N = T 2Nx2N Q 2 nx2n) 

Tq 1 df = Q (t- 1 df - Q- 1 d&J Q- 1 (A.65) 

Q- 1 dQ = idf K {B D ,P D ,u D ,Lo+) (A.66) 

f- 1 df = idg ti (c D J D ,c+J+, VD ,r,+ ) H (K) ~ds K (c D J D ,c+J+, VD ,r 1 +)Y^ 

fv 1 df Q = -ds K Q Q- 1 - 1 (df K - dg K ) Q ffM Q- 1 . (A.67) 

The structure of the supercommutators (|A.6HA.64|) with the super-unitary subalgebra elements {H^ K '} 
of u(L\S) and the coset generators {Y^} of Osp(S, S\2L)\U(L\S) is invariant under local subgroup 
transformations with the block diagonal matrices [P Q~ 1 ) 2 nx2N and (P Q~ 1 ) 2 ~nx2N with their dou- 
bled form of U(L\S), given by Ptf xN , P% 2 xN (1A.26IIA.40I) and Q% xN , Q% xN (IA.154IA.20h . We have to 
choose a locally invariant version of a similarity transformation with a dependence on the parameters 

Pk = {Cd-LxL,Gd;SxS;^D;SxL,£,d. LxS } (|A.5T[) and q K = {Bd-,LxL, Fd-,SxS) U D ;SxL, ^D;Lxs} <I A - 56 P s0 

that the variations f _1 df , Q" 1 dQ and T^ 1 df (|A.65IIA.67p can be partially diagonalized. This implies 
a local similarity transformation for the generators AS a \ and Y^ K > in (IA.65HA.67]) to the generators 

A( a )(p K ), H^(p K ), Y^(p K ) which leave locally (with a dependence on p K ) the structure of the supercom- 
mutators (|A.6HIA.64]) invariant I 22 ! 

Q AW Q- 1 -> (PQ- 1 ) Q AW Q- 1 (PQ- 1 )- 1 = A (Q) (P«) = Hp*) A (q) (A.68) 

22 The tilde ' ' above the generators A( a '(p K ), H ( K ) (Pk), Y^(p K ) denotes their local dependence on the parameters p K 
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Q H {n) Q- 1 
Q Y {k) Q- 1 



T^ 1 df 



(PQ- 1 ) Q #W Q-i (PQ-i)-i = H^(p K ) = P{p K ) P- 1 ^) 
(PQ- 1 ) Q Q- 1 (PQ- 1 )- 1 = Y^(p K ) = P(p K ) P" 1 ^) 

(PQ- 1 ) 2V 1 df (PQ- 1 )- 1 = f; 1 df Q = (PQ- 1 ) Tq" 1 df (PQ- 1 ) 
= P f- 1 df p- 1 - P Q- 1 dQ p- 1 



(Am) 

(A.70) 
(A.71) 



This invariance under the local transformations with (P Q 1 ) of the generators of Osp(S, S\2L) (|A.68tiA.70|) 
also holds for the metric length (dsosp) 2 with the super-trace in (|A.46p where the variations Tq 1 dPo, d(5A) 
in (dsosp) 2 are changed to a sum of terms for the infinitesimal increments df K (q\) 1 dg K (y\), ds K (y\) as in 
(|A.65«A.67|) , but with a local dependence of the generators A^(p K ), H^( Pfi ), Y^(p K ) (|A.68HA.70|) 



(dsospY 



STR 

STR 
2str 



[Tq- 1 dT , SA] +d(5A) 

[Tq- 1 df , SA] + d(SA) 
d(SX a ) d(SX a 



(A.72) 



2 str 

a,j3 



2 str 

a,/3 



To 1 dT 



a0 



° ldfo ) aP (^dfo)^ (6~X -6~X a y 



d(5X a ) = P 11 (p K ) X^ a ^ P 11 '— 1 (p K ) d(5X a ) 



(A.73) 



The invaraince of (dsosp) 2 (|A.72jl under local subgroup transformations U(L\S) with (P Q involves a 
transformation of the variation Pq 1 dTo to Tq 1 dTo (|A.72|) . The generators in (|A.66IA.67[) are converted 
to their local transforms (|A.68IIA.70|) . Furthermore, one can notice a separation of the metric (dsosp) 2 
(|A.72IA.71j) into coset elements with functions ds K (y\) and corresponding generators Y^(p K ) and super- 
unitary subgroup elements with shifted functions df K (q\) (|A.74[) . This follows because the part of the 
variation P p- 1 dP p- 1 with the local u(L\S) subalgebra generators H^(p K ) and functions dg K (y\) is 
absorbed by the variation of the density terms P Q -1 dQ p- 1 in U(L\S) with local increments df K (q\) = 
df K (qx) ~ dg K (y\) 



TT 1 df 



1 = T^ 1 dT 



(P Q- 1 ) (To 1 dTo) (P Q~ r j -* 
P f- 1 dT p- 1 - P Q- 1 dQ p- 1 = 

-ds K (c D ,fD,C+J+, VD ,r,+ ) ?W(p A ) 

i (df K (B Dl P Dl Lb D ,Lu^) - dg K (c D , f D ,c^, f^,riD,riD. 



(A.74) 



H^( PX ). 



df K (Bo ,Fd .tij) 



Since the super-trace of the product of a coset generator Y^'(p K ) and a subalgebra element H^(p K ) 
vanishes for all possible pairs [i, X of indices, the integration measure splits into a part for the anomalous 
terms, representing the coset space Osp(S, S\2L)\U(L\S), and a part for the density terms with the super- 
unitary subgroup U(L\S). In subsection I A. 3 1 we finally calculate the coset measure for the anomalous 
terms with the relation (T -1 df ) ab = (P p- 1 dT p- 1 ) ab , ( a ^ b, a,b = 1,2) by applying the similarity 



transformation with the eigenvectors P; 



2JVx2iV' 



P 



2JVx2iV 



of the generators Y^nx2N, A^vxtv, k X 



+ 

NxN 



T2NX2N = cxp{— Y2Nx2n}- The integration measure for the density terms with the U(L\S) group can be 
obtained separately because the variations P Q- 1 dQ P _1 of the density terms absorb the part of the 
variations P p- 1 dT p- 1 within the super- unitary subgroup (df K = df K — dg K , (IA.67IIA.74|) ). 
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A.3 Calculation of P T 1 dT P 1 with diagonal generator Y = P Y DD P 

Subsections IA.3( IA.4I are composed of various intermediate steps for calculating the integration measures 
of the coset decomposition Osp(S, S\2L)\U(L\S) ® U(L\S). However, we do not describe all these in detail 
and just give a short overview. 

The first aim is to compute Eq. (|A.80[) where the underlying integral relation with parameter v £ [0, 1] 
has already been proved in (jl. 17111. 24"|) . We diagonalize the coset matrix Y(x, t p ) with P(x, t p ) to Ydd(x, t p ) 
and introduce rotated infinitesimal increments dY'(x,t p ) = P(x,t p ) dY(x,t p ) P _1 (x, t p ) which have the 
same properties as integration variables as the unrotated infinitesimal matrix dY(x,t p ) (|A.84IIA.86|) . The 
symmetries between the matrix elements of dY'(x, t p ) are the same as for dY(x, t p ) and are not affected by 
the rotations with P(x,t p ) (|A.87IIA.90|F ^|. 

We determine the invariant length (dsosp) an d find for the chosen parametrization a separation into 
coset and subgroup integration measures according to the corresponding separation of the invariant length 
(|A.91HA.95p . The invariant length is computed for the coset integration measure with (dso S p\u(d^)) an d 
diagonal coset generator Ydd{x, t p ) (|A.97tiA.105|) . One has to calculate the exponentials exp{±u Ydd} 
of Yr)D{x,t p ) for the application in formula (| A.98[) . (|1 . 1 7H1.24[) . According to the block diagonal form of 
YDD{x,t p ), this computation is possible and we list the various steps in Eqs. (|A.106HA.118j) . 

Relation (IA.119|) describes the separation of the invariant length (dso S p\u(^)) 2 m t° boson-boson, 
fcrmion-fcrmion, boson-fermion and fermion-boson parts. Using the exponentials of Yr)D{x,t p ) (|A.106l 
IA.118[) . the fundamental integral relations (dY - )^^ 6 = Jq dv (exp{u Ydd} dY' exp{ — v Ydd}) are 
finally determined and inserted into (|A.119|) . Relations (|A.120HA.f 36j) contain the various steps for reducing 
the boson-boson 'BB', the fermion-fcrmion 'FF', boson-fermion 'BF' and fermion-boson 'FB' sections with 
the integral over v £ [0, 1]. According to (|A.119IA.f 37IA.141IA.1501 IA.168|) , we can finally compute the 
square root and inverse square root (for the odd variables) of the diagonalized metric tensor Go sp \u with 
the eigenvalues of XDD{x,t p ), k X^ D (x,t p ). 

In relations (|A.75HA.79|) we describe again the structure of (T _1 dT ) a (TA~75|) where we have al- 
ready shifted the dependence in the U(L\S) subgroup parts of the anomalous fields to the density terms 
dfl? a ^ {Bd,£d,&d,&d) (Compare with section lA~2l and Eqs. (|A.65|) - (|A.74j) ). Therefore, we can restrict in 
this sub-appendix lA~3l to the computation of the coset integration measure for the anomalous fields 

/~ i ,~ xab / (T 1 df Q ) (T 1 df Q ) \ , . . 

(T ° dTo) - { (T -ut r (T Q -UT r) (AJ5) 

(TQ-^fo) 00 = -i dJ^ a \B D ,T Dl Co Dl Lo+) (ijW) aa a = 1,2 (A.76) 
(f^dfo) 12 = -d S i 12 \c D J D ,c+J+,n D , VD ) (f^) 12 (A.77) 

(T^dfo) 21 = -d S ^(cD,fD,CD,fi,VD,vi) (? (K) ) 21 (A-78) 
T _1 df Q = P f' 1 dT p- 1 ~ P Q- 1 dQ p- 1 . (A.79) 

Relation (|A.80|) is of fundamental importance because it relates the infinitesimal increment of an exponential 
of a super-matrix to its infinitesimal increment of the generator 



(A.80) 



f- 1 df = exp{F} d( cxp{-Y}) = - [ dv exp{i>y} dY exp{-w Y} 

Jo 

dY 2Nx2N = ( ° **) dX NxN = ( ~f°> L * L (AM) 



ndX+ / V -dfj D ,SxL df D ,sxs 



23 A prime'"" of the parameters dc' D LyL , df' D SyS , df]' D SxL denotes the corresponding independent entries of dY' (x, t p ) 
P(x,t p ) dY(x,t p ) P- I (x,t p ) with rotations P , P _1 . 
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df. 



D,SxS 



= -df D , 



SxS 



(A.82) 



Although relation (|A.80j) already simplifies the infinitesimal increment of an exponential of a matrix, one 
cannot even calculate the exponential of a matrix, completely occupied in all its entries. Therefore, we 
transform the coset generator Y(x,t p ) to the diagonal form Ydd(cc, i p ) f (|A.38HA.41[) . Y = P^ 1 Ydd P) 
and apply the matrices P, P^ 1 to diagonalize T _1 dT 

Pf^ 1 dtp- 1 = P exp{Y"} d(exp{-Y}) p- 1 = -P dv exp{i> Y} dY exp{-v Y}^ p- 1 



P (J dv P- 1 exp{v Y DD } P dYP-\ exp{-v Y DD } p) P^ 1 

dY' 



dv exp{u Ydd} dY' exp{— v Ydd) 
'ex V [[Y DDl ...]}-! 



dv exp \ v [Yj 



{»[3 



DD 



(A.83) 
]} dY' 



Y m 



c ^2JVx2JV 



2Nx2N 



However, the transformation with P. P 1 also acts onto the independent elements of dY. Since the 
transformation of dY to dY' — P dY P _1 does not change the symmetry relations (|A.87IIA.90| between the 
transformed entries dc' D . mn , df' D . rfl r , u , df j' D . run , due to the group properties, and since this transformation 
retains the invariance of the super-trace (|A.86j) , one can determine the coset integration measure in terms 
of the rotated parameters of dY' (|A.84|A.85|I 



dY' 



dX' = 



STR 



ac D,LxL 



dY' dY' 



dc', 



D.LxL 



df' D ; 



df'S,Sxs — df' DSxS 

a JD-rr' 



P dY P- 1 



dX' 
k dX'+ 



= STR 

=r- dc n . r 



k (7s P 22 k) dX+ P 11 '- 1 

~dc'D;mn dff D . mr , v 

—dfj D . rfin df D . r/Mr , u 
P dY p- 1 P dY p- 1 



P 11 dX P 22 '- 1 




dc' D 



= STR 
1,...,L 



dY dY 



fc=0 



to = 1-2x2 ! n , f"2 j f"3 = Pauli-matrices 
for k = 0,1,3 



u JD;rr' 
a JD:r'r 



-df' [k) 
a JD-r'i 



r,r' = 1, . 



since I T2 ) 



-T2 and (Tfe 



5/2 (i,v = l,2 

T 



Tfe for /c = 0, 1, 3 



(A.84) 



(A.85) 

(A.86) 
(A.87) 

(A.88) 



(A.89) 
(A.90) 



The invariant length (dsosp) 2 (|A.91|) separates into density or the subgroup part (dsjj) 2 (|A.93I) and the 
coset part (ds 0sp \u (<^)) 2 <|A.94|) . However, we have to point out that the coset part (ds 0sp \u (<^)) 2 <|A.94|) 
for the anomalous fields also contains the eigenvalues (S\p + <5A Q ) 2 of the density or subgroup part. This is 
caused by the transformation (|A.42HA.46|) so that the final integration measure for (dso sp \u (<^)) 2 contains 
apart from the anomalous fields a polynomial of the eigenvalues SX a of the density terms. However, this 
polynomial factorizes from the coset integration measure and can be moved to the integration measure of 
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density terms, following from (dsjj) (|A.95|I . thereby modifying the eigenvalue integration measure in the 
U(L\S) subgroup part 



(dsosp^J 
d(SA) 
(dsuj 
ds 0sp \u(SX)) 



STR 



[To" 1 dT , SA] + d(SA) 



dsr 



ds 



Osp\U 



(6X) 



A^(p K ,q K ) d(5X a ) 
2str d(8X a ) d(SX a ) 



(AM) 
(A.92) 



2 str 

a,0 



-2 str 

a,0 



2 str 

a,0 

2 str 

a,0 

STR 

a,a;b,{3 



(To" 1 dT ) ap (Tq 1 dT Q ) 0a (SX - SX a ) (JA.93) 
(IT 1 dT )™ (To" 1 dfo) 2 ^ (5X + SX a ) 2 ] (A.94) 
(Qn'xn S^nxn Qnxn) d^Qx'xjtf SXnxn Qnxn) „ (A. 95) 



0a 



[^D-Nxn) „ d[5'E D .n 

f < 

/ a0 V 



0a 



d(5'E D .2 



Nx2N 



D;2Nx2N 



K 



ba 



0a 



The super-group Osp(S, S\2L) incorporates the subgroup U(L\S) with the same parameters in a double 
form so that one can relate the increments dQ 11 Q ■~ 1 in the '11' block to the increments in the '22' 
block. The complete invariant length (dsu) of the U(L\S) subgroup can therefore be obtained from the 
super-trace with N x iV-matrices of the '11' block with additional factor of 'two' for consideration of the 
'22' block 



^QnxN Qn'xN 



NxN } 



.22,-1 



"22 "22 l\ ( A 22 \ 

'NxN dQ NxN Qn'xN J [Qnxnj (A. 96) 



It remains to determine the exponential exp{i> Ydd} with diagonal coset generator Ydd in (|A.83j) and 
to compute the integrations over dv (v € [0, 1]) in the fundamental relation (IA.83J) for the increments of 
the exponential of matrices. The final result depends on the rotated incr ements dY' (|A.84IIA.90|) and the 
eigenvalues c m , f r and is abbreviated by {dY)'£\ (|A.98|) . This quantity (|A.98| directly enters into the 
invariant coset length (ds 0sp \u (SX)) 2 (|A.99p with its off-diagonal block parts a ^ b and separates the 
invariant length (dso S p\u{^)) 2 with sub- metric tensors of the eigenvalues into quadratic parts with the 
rotated parameters of dY' 



(V dT ) 



Pf- 1 df P- 1 



a b 

a0 
a b 

a0 



= P T dT P~ 



a b 



a0 



-IP Q- 1 dQ P- 



P exp{f} d(exp{-Y}) P- 1 



a0 



dv ( exp{w Ydd} dY' exp{— v Ydd} 



ds 



< >.ip\U (<^) 

Y DD 
Xdd 



'0 


7 _yl2 


str 


(dY) 


a,0 


\ I a0 





Xdd 


kX+ d 


Cm 





a b 



a/3 



ab 



a/3 



lab 





dY 



121 



0a 



5X/3 + 6X a 



(t2)imv f r Sr 



(A.97) 

(A.98) 
(a^b) 

(A.99) 
(A.100) 
(A.101) 
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= \c m \ exp{z ip m } f r = \f r \ exp{i <j> r } 



to, n = 1, 



(A.102) 
(A.103) 



\a = l. 



{» 



= 1, 



L r,r' = l,...,S/2 n,v=l,2 
L + S} = { to = 1 L ; r = = 1, 2), . . . , r = S/2(/x = 1, 2) j (A.104) 

bosonic fermionic 

N = L + S] = { n=l, r' = 1Q = 1,2), ...,/ = S/2(i/ = 1, 2) j (A.105) 



,iV 



f ermioilic 



In relations (|A. 10611 A. 109]) we list the expansion of the exponential exp{w Ydd} (|A.106j> with diagonal coset 
generator Ydd (|A.100IIA.105|) for the block diagonal parts '11', '22' and especially for the off-diagonal coset 
parts (|A.108IA.109p . Note how these off-diagonal parts separate into the diagonal with sine- functions of 
the modulus of eigenvalues for the bosonic molecular condensate matrix and into the quaternion diagonal 
{t2)hv with the hyperbolic sine-functions of the absolute values of eigenvalues for the BCS condensate 
matrix of fermions 



(cxp^vY DD ^ =^expju^_ 
/ 

( cosh 



X DD 



a b 



(A.106) 




( sinh (vyj. 



sinh [v\l X DD k X]j D 



Xdd k Xp D 



X 



cosh ( v\ k ii n X 



DD ^DD 



DD 



22 



12 



a/3 



a/3 



( cosh \V\I X DD K Xjj D 



a/3 



cosh I vy k Xp D X DD 



(A.107) 



a/3 



COS (v \c m \j S mn 

cosh (v |7 r |) S 

rr' 3fj,i/ 



( sinh f v\l Xdd k X + 



DD 



Xdd 

{ ^ X DD^X^ D 

exp{« <p m ) 5 mn 
I sinh (v |7 r |) exp{i <j) r } 5 rr > (r 2 ) 



— sm u c 



(A.108) 



12 



K X 



21 



sinh ( v\/ Xod w X 



dd , 



DD 



(A.109) 



a/3 



Xdd k X dd 
sin (v \cm\j exp{-i ip m } 5. 







sinh (v \f r \) exp{-i <j> r } 8 rr > (t 2/ 



ft is 
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Finally, we compute in relations (|A.110IA.111[) the integrand for (|A.112IA.83IA.80p 

12 

a/3 



(^exp{vY DD } dY' exp{-vY D D} 



(A.110) 



sinh (v\l Xdd k X^ d 



Xdd k Xp D 



Xdd k dX 



sinh ( v\l Xdd « X + 



DD 



Xdd k X~^ d 



X 



DD 



cosh yvy Xdd k X^ D j dX' cosh yvy k X^ d Xdd 



a/3 



( exp{i> y 



Y DD 



\21 / . „ A xl2,H 

} dY' exp{-vY DD }\ =K[exp{vY DD } dY' exp{-vY DD }\ 

/ a/3 V / a/3 

sinh [v\j X D d k X^ d 

K Xdd 



sinh ( v\ X D d k X^ d 

V V 1 dX'nX+ D 



Xdd k Xdd 



Xdd k Xqjj 



cosh (v\Jk Xpp Xdd) k dX' + cosh (v\J Xdd k X^ D ^j j 



(A.lll) 



lab 



J dv (^enp{v Ydd} dY' exp{-u Y D d} 

v fab / \ lab 

dY) (dY) 

) BB;mn V / BF;m,r'v 

— \ lab / — \ lab 

dY) (dY) 

I FB\rp.,n \ ) FF;rfi,r'u 



ah 

a/3 



(A.112) 



We have to split the super- matrices in (|A.112|) into its boson-boson 'BB', fermion-fermion 'FF' and fermion- 
boson 'FB', boson-fermion 'BF' parts. This is accomplished in (|A. 1 13ti A. 1 18|) where the dependence on the 
integration variable dv becomes obvious in the trigonometric- and hyperbolic- (co)sine functions with the 
modulus of the eigenvalues c rn , f r 



(exp{u Y D d} dY' exp{-u Y D d} 



12 



a/3 



(A.113) 



12 



12 



( exp{u Y D d} dY' exp{-v Y D d}) ( exp{u Y D d} dY' exp{-w Y D d} 

\ / BB;mn\ / BF;m,r'v 

12 / , „ \ 12 



3xp{u Y D d} dY 1 cxp{-v Y D d}) ( exp{w Y D d} dY 1 exp{-w Y D d} 

/ FB;rfj,,rf. 



FF;r\i,r'v J a a 



(exp{v Y D d} dY' exp{-v Y D d} 



12 

BB-.mn 



(A.114) 



(dc D . mn e t{ - Vm+Vn) sin(w |c m |) sin (y |c„|) + dc' D . mn cos (v |c m |) cos (v \c n \) 



BB-.mn 



^exp{v Ydd} dY' exp{-^ Ydd} 



12 

BFira.r' v 



(A.115) 



dflD- m ,r'x ( T 2) Aiy e 



*(Vm+0 r ') 



sin(u |c m |) sinh(t; |/ r ,|) + di)' D . m r , u cos (v \c m \) cosh (v |/ r ,|) 



12 



BF:', 
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(exp{i> Y DD } dY' exp{-v Y DD } 



12 

FB;rfi,n 



(i T2 ) flK df lD,r K ,n e^ r+v ^ sinh (v \f r \) sin (v |c„ I) - df)' D . r ^ n cosh (<u |/ r |) cos(u|c„|)^ 



12 



'((< - E el( ^° sinh (« 17,1) -nh (« |/ r ,|) 

fe=i 

(EW^C) cosh(«|7 r |) cosh( w |/ r ,|) 



(A.116) 



FB;rfi,n 



(A.117) 



FF\r^L,r'u 



r}K,q'A fc=0,l,3 



Using the above results, the coset integration measure (dso S p\u (|A.99j) is further reduced to the 

'BB\ 'FF' and 'FB', 'BF' parts of super-matrices {dY)*j , 

'21 / „ ~ \ 2 

i3o 



(ds 0sp \ u (SX)^ 



-2 str 

a,/3 



'12 / ™\ /21 / „ ~ \ ; 

(dY) (SX + SX a ) 



(A.119) 



m,n=l 
S/2 



^ / BB:mn V / BB;nm \ 



2 V V (d?) (dY) ' (sX F .r>u + SXjr. rM ) + 

' ' V / FF;ru,r'u \ J FF;r'v, rf i V 

r,r — 1 ^,1^—1,2 

L S/2 ^ /12 ^ .„„ 

(-) 



m=l r'=l(i/=l,2) 
1 S/2 



FB:r'i/,m 



+ 2 E E (^) 

n=l r=l(ju=l,2) 



/12 

FB\r^i.n 



BF;n,r[i 



SXb-u + SX 



In the following, we further analyze the matrices (dF)' 12 , (dF)' 21 and perform the integrations over 
v G [0, 1]. These integrations over dv with the modulus of the eigenvalues are achieved in relations (IA.1201 
IA.126j) for the 'BB' part of {dY )%. mn , (dY)%. mn with distinction between diagonal m = n (|A.120HA.122|) 
and off-diagonal m ^ n (|A.123HA.126|) elements 



(-) 



/12 

BB-.min 



[ dv (exp{v Y DD } dY' exp{-v Y DD }) 12 (A.120) 
-J dv (^exp{v Y DD } dY' exp{-vY DD }^ 



A 



BB;: 



dY . 

BB\mm Jq \ / BB;mm 

dc' D 

: in in Abb ;mm ( | Cm I) — d,c'l). mm exp{l 2 lfi m } BBB;mm{\c m \) 

2 _ (1 l sin (2 I Cm I) 
2 + 4 IcJ 



(|c m |) = I dv (cos (u |c m |)) = Q + 



(A.121) 
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B BB ; mm (\c m \) = f dv ( sin (v \c m \) ) " = Q - 1 Sm jjj ^ ) (A.122) 
rn ^ n (A. 123) 

/l 2 P 12 

fdy) = / dv ( exp{v Y DD } dY' exp{-vY DD }) (A.124) 

V / BB-mn Jq \ I BB-mn 

/ ~\/12 / _W21.* / „\/21,* 

= (dy) =-(£^) =-(dJ r J 

V / BB;nm \ /BB-mn \ I BB;nm 

= - [ dv(exp{vY DD } dY' exp{-u Y DD }) 

Jq \ / BB-mn 

= —dc D , mn ABB;mn(\Cm\i \c n I) _ d ^D:mn exp{« ((f m + (f n )} B B B-nin{\ Cm | ; | C/i | ) 

^s_B;mn(|c m |, |c„|) = dv cos(«|c TO |) cos (v \c n \) (m ^ n) (A. 125) 

Jo 

'|c m | cos(|c„|) sin(|c m |) - |c„ cos(|c m |) sindcnl)' 



B BB ;mn(|c m |, |c„|) = j dv sin (u IcmQ sin(u|c„|) (m^n) (A. 126) 

| | COs( | C n 

I) sinflcrol) - \cm\ cos(|c m |) sindcnl)" 



The corresponding; relations for (dY)'- , , (dY)' „ , are listed for the 'FF' section in rela- 

° V / FF;rfj,,r' u ' V / FF;ru,r'v 

tions (|A.127IIA.133j) where one has also to distinguish between quaternionic diagonal entries with (t2)^ w , 
(r = r', (|A.127HA.129p ) and non-diagonal quaternion elements with r ^ r' (jA.130HA.133p . The functions 
AjrFirr(l7rl) EH . ^ F;rr (|7 r |) (0029)1 and A FF;rr ,(|/ r |, |/ r , |) (TQ321 . B FF;rr ,([/ r |, |/ r ,|) (TA~T33l) 
specify the dependence on the eigenvalues in (dY^) pp _ r ^ , (dy)^ r ^ 

/12 12 

(d?) = / dv (exp{vY DD } dY' exp{-vY DD }) (A.127) 

/ ~\'12 / _W21,* / _^W21,* 

= -(dY) =-{dY) =[dY) 

V / FF;ru,ru V / FF\r^L,vv V / FF;ru,ru 

= - [ dv (exp{u Y DD } dY' cxp{-vY DD }) 

Jq FF;rn,rv 
= M„* ferr ^;rr(|7rl) + 4$?£ ex P{* 2 <M ^F;rr(|7 r l)) 

A FF;rr (|7 r |) - / X d« ( cosh(« |/ r ,|)) 2 = fi + 7 Sinh( - 7 2|7rl) "l (A.128) 







B F F-M\7 r \) = -fdv (sinh(7;|7 r |)) 2 = fl-l Sinh g^') ') (A.129) 



2 4 I/, 

■( 

17, 



r ^ r' (A.130) 

/ 1 2 /* 12 

fd?) = / d« ( exp{u Yd } df' exp{-vY DD }) (A.131) 

V / FF\vii,r'v Jq V / FF\r\i,r'v 



/ ~\'12 / _ x /21,* / _ N /21,* 

= -(dY) =-[dY) = (dY) 
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( dv ( exp{v Y DD } dY' exp{-vY DD }) 

JO FF;r'u,ryL 
k=3 v 

E ( T *U dftfl, A FF , rr> (\J r \, \f r ,\) + 



k=0 



k=3 



fc=l ' 

Af W (l7rU7r'l) = / ^ COsh(l,|7 r |) COsh( V |7 r ,|) (r ^ /) (A.132) 


'|7rl cosh(|/ r ,|) sinh(|7 r |)-|7 r ,| cosh(|7 r |) sinli(|7 r ,|)' 



\fr\ 2 -\fr'\ 2 

B FF;rr ,(\J r \,\J r ,\)= I dv wah(v\7 r \) smh(v\J r ,\) (r ^ r 1 ) (A.133) 
o 

'|7rl cosh(|7 r |) sinh(|7 r ,|)-|7 r ,| cosh(|7 r ,|) sinh(|7 r |)' 



(dY)' 12 



\fr\ 2 -\fr'\ 2 

Similar considerations hold for the 'BF', 'FB' sections of the resulting super-matrices with (dYY BFk , , 

FB;r^i,n 

(dY)' 12 = [ dv ( exp{v Y DD } dY' exp{-i> Ydd})™ (A.134) 

V / BF;m,r'u J V " / BF;m,r'u 

/ ~\ /12 / _\/21,* / „n 121,* 

= -(dY) ={dY) ={dY) 

\ I FB;r'v,m V / BF;m,r'v V / FB;r'v,m 
f 1 / , \21,* 

= / dv[exp{vY DD } dY' exp{-vY DD }) 

Jq V / BF;m,r'v 

= dVD;m,r'v A BF - m ,r' (\c m \, |/ r /|) + 

+ df,'* 

'A \ T2 ) \y ex P{ z (^m + 0r')} ^BF:r' ,m{\f r ' M c m|) 

^BF;m,r' (|^m 

U/r'l) = / °^ cos(u|c m |) cosh(u|/ r /|) (A. 135) 

Jo 

|c m | cosh(|/ r ,|) sin(|c m |) + |/ r ,| cos(|c m |) sinh(|/ r ,|) ' 



\Crn\ 2 + \f r ,\ 2 

BBF;r',m(\f r >\,\cm\) = I dv sin(v|c m |) sinh (v \f r , |) (A. 136) 



'\f r ,\ cosh(|/,.,|) sin(|c m |) - \c m \ cos(|c m |) sinh(|/ r ,|) \ 
\c m \ 2 + \7 r ,\ 2 J 

Applying relations (| A. 120tiA. 136|) . we can insert (dY)'^ , (dY)'^ without remaining integrations over 

v 6 [0,1] into the invariant coset length (dso sp \u(^X)) 2 (|A.119|) which can be separated correspondingly 
into 'BB', 'FF' and 'BF', 'FB' parts (|A.137j) . However, one has to refer to different relations concerning 
diagonal and off-diagonal elements in the 'BB' and'FF' sections (see Eqs. (1A.120IIA.122I) for {dY)'*f. mm and 
Eqs. (|A.127IIA.129[) for {dY)'pp b r ^ rv ; in the case of non-diagonal elements compare relations (|A.123IIA.126[) 
for {dY)% h mn , (m ± n) and relations (lA.130IIA.133p for (dY) F f^ rll/ , (r + r')) 



(ds 0sp \u (8\) ) = (ds 0sp \u (SX) ) bb + (ds 0sp \u (SX) ) ^ + (ds 0sp \u (SX) ) ^ pg 
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= 2 



m— 1 
L L 



dY) (2 6\ B . m y 

BB\mm V / BB-.mm 



(A.137) 



112,* 
BB;mn 



dY 



'12 



BB; 



'12 / _x./12,* 

(dY) 

FF, rfi.ru \ / FF;rv,rfJ, 



E K 

m— 1 n— m+1 

S/2 

2 E E K 

r=l fi,v=l,2 
S/2 S/2 

4 E E E K 

r— 1 r'= r+l fj,,u=l,2 
L S/2 ^ /12 



FF;rfj,,r' v 



dY 



m=l r' = l i/=l,2 



(<5A B; „ + <5A B;m ) 2 

(5AF;rV + <5A B 



F F\r' u,r^i 



112,* 

FB:r'u,m 



We exploit the symmetries between (T 1 cffo)^ and (T 1 dTb)^, according to the similarity to the 

generators dX' , k dX' + , and construct the appropriate sub-metrics from the 'BB', 'FF' and 'BF', 'FB' 
parts 



(To 1 dT 



12 

a/3 



/ dv (exp{v Y DD } dY' exp{-v Y DD }) ^ =-(dy)' 12 (A.138) 

Jo v / afi \ / afi 



BB\mn V / BF;ra,r' v 

112 / _s/12 

dY] (dY) 

FB;r^,n V / FF;r[i,r'i> 



~dc'D;LxL df)p. LxS 

~dflD;SxL df D . SxS 



a0 



a0 



• dX' 



(To' 1 dTo) 



0a 



/ (exp{w y DD } tfK' exp{-wy DD }) = -(df) (A.139) 

Jo ^ / 0a \ ) 0a 

/ „\/12,* / _\/12,* 

(dY) -(dF) 

V / BB-nm V / BF;n,rfi 

/ ~\ '12,* / _\ '12.* 

V J FB;r'v,m V /FF;r'v,r^ 



dVD;SxL df D . SxS 



= k dX'+ a 



(To 1 dTo) 21 = (To 1 dTo) 12 n 



(A.140) 



K dX^ x N 



(d-^NxN K ) 



We take into account the detailed relation (|A.137|) for (dso sp \u (^A)) and consider separately the sub- 
metric tensors M B b with Eqs. (1A.141]IA.145|I for the 'BB' part and M FF with Eqs. ()A.150tiA.159|) for 
the even 'FF' part. The square root of the determinant of these sub-metric tensors yields the final coset 
integration measure or super- Jacobi determinant for the corresponding subspace with indices m, n and 
r,fi ; r',i> (compare Eqs. (|A.146<IA.149|) for the 'BB' part and Eqs. (|A.160IIA.167j) for the 'FF' part). 
We catalogue the straightforward relations for determining the invariant coset integration measure of the 
even boson-boson and even fermion-fermion parts with the detailed Eqs. (|A.146IIA. 167ft where sub-metric 
tensors are constructed for the even elements of df' with the eigenvalues of fr>D 



ds 



Osp\U 



(SX) 



BB 



(A.141) 



2 V (dY)' 12 '* (dY) 

^— ' V / BB-mm \ J 



BB- 



(2-8\ B , m ) 2 + 



102 



A THE INTEGRATION MEASURE FOR OSP(S, S\2L)\U(L\S) (g) U(L\S) 



L L 



V (dY) (dY) {SX B :n+8\ B ; m ) 

^ _ V / BB:mn \ J BB:mn 
m—1 n—m+1 

_ , V ( dc' D . mm \ I Afjjg| mm ^BB;mm \ ( d& D \ , ~ >2 

^ V dC D, mm ) \ M' BB '. mm M BB [ mm J V dC D,mva 



L L 



a \ ~* \ ~* I dc D \ ( lv± BB:mn lv± BB:mn \ I ^D-.mn \ .. /n c \ 



m=ln=m+l ^ Lj, i™ ^ \ M BB:mn M BB:,mn I V " l ^:»<» 



M 



(ii) 

BB;mm 



M 



M 



M 



(ii) 

BB-.rmi 
(12) 

BB;mn 



M (22) - - 



1 1 / sin(2|c TO |) 
4 16 1 |c m | 



2 / \ 2 

-B, 



;;/ (\Cm\)) + (b BB 

2 



(12) 

BB;mm 



( M BB; mm ) =exp{l2(p m } A BB -m m {\Cm\) B B B,m m {\c m \) 

exp{i 2ip m } 



"1 




/ sin(2|c m |) 


)1 


4 ~ 









(22) 
BB:r. 



(^ABB;mn(\c m \, \c n \)j + (^BBB;mm ( | C m | , |c n |)^ 



(A.142) 



(A.143) 



(A. 144) 



(\c m \,\c n \) B B B- m n(\c m \,\c n \) (A.145) 

sin (2 |c m |) 



2 Jdct(MitU) (2^ B;m ) 2 = 2 



(<5A B;m )' 



(A.146) 



n n 

{S,t p } I m=l 



2 Z 



2^/dct(M^ mm ) (2tt B;m ) 2 | = 
sin (2 |c m |) 



{x,t p } k m=l 



2 z 



(A.147) 



4^det(M^ m n) (<5A B; „ + ( 5A B;m ) 
sin (|c m | + |c„|) 



cos 



(2 |c m |) - cos (2 |c„ 



= 2 



I Cm | ~t~ | Cn | 



sin I c TO — c„ 



( | Cm p I C n | ^ ) 

;r 



(S\ B ;n + S\B;m) 

(A.148) 



{L L 
n n 
m=ln=m+l 



2^ 



4 W dct (Mj$ mn ) (<5A B; „ + 5A B;m ) 2 = (A. 149) 



n I n n — ;mn A rf< ^ 



X 2 



sin(|c m | + |c„|) 



Cm I + |C„| 



2 z 

sin (| Cm | - \c n \ 



I Cm I I Cn I 



Calculation of P T~ x df P~ l with diagonal generator Y = p- 1 Y DD P 



ds 



Osp\U 



2 

FF 



E ( d y 



- 4 



S/2 

*E 

r=l (^,i/=l,2) 
S/2 5/2 

E E E 

r=l r'=r+l (ft,i/=l,2) 
5/2 / rf/' (2) \ + 

4E 1 45 j 



FF;rfj,,rv 



/ \ /12 ✓ \ r 

\ / FF;rn,r'v \ /FF;r'v,rp, 



FF;ri/,rfi 



{SXp-ru + 5\F:r^) 2 + 



r=l 



M (H) M (12) 
M (21) M (22) 



S/2 S/2 

4 E - 



E 



r=l r'=r+l (fc',fc=0,3) 
S/2 S/2 

+ 4 E E E 

r=l r'=r+l (fc',fc=l,2) 



"■JD-rr ) 



u JD;rr' 



M (ll),k'k M (12),fc'fc 

M FF;rr' Ivl FF;rr' 

M (21).k'k M (22),k'k 

M FF . rr , lV± FF . rr , 

M (U),k'k M (12),k'k 

F F-rr' F F-rr' 

M (21),k'k M {22),k'k 

M FF . rr , lVl FF . rr , 



,fl(k)* 
u JD:rr' 

U J D;rr' 
,P(k)* 
u JD;rr' 



M 



(ii) 

FF;rr 



M 



M 



(22) 
FF:rr 



(A F F;rr(\fr\)) 2 + (BPF-Mlfrl)} 



1 1 / sinh(2|/ r |) 
4 16 I |/ r | 



(12) 
FF;rr 



= exp{i20 r } A_F F;rr (|/ r |) B FF;rr (|/ r |) 

= exp{i 2</v} 



1 1 / sinh(2|/ r .|) ^ 
4 16 1 |/ r | 



i/=l, 2 



= (<5fc',0 <5fc,o + Sk',3 Sk,3^j (S\F;rl + S^F-r'lj + ^X F . r2 + 5Xp-y 2 
+ ^',0^,3+^,3^,0) (5Af;t-1 + ^VfV-'i) - (<5AF;r2 + SXp- r ^^j 
+ (Sk',1 Sk,l + Sk',2 8k,2^ (SXp ;rl + 5Xp.y 2 ^ + (SX F;r2 + SX F ;r'l) 



+ 
+ 



+ I £fe'fc3 



{^X F - r i + SXpy^j — (sXp-r-2 + SXpyij 



M (11),00 _ w(22),00 _ M (ll),33 _ , f (22),33 
1V1 FF;rr' ~ 1V1 FF;rr' ~ 1V1 FF;rr' ~ 1V1 FF;rr' 



A FF;rr >(\f r \, \f r ,\)) + ( B FF;rr >(\f r \, \f r ,\) 



M 



(11), 03 
FF;rr' 



(SXp-ri + SXp [r >i) 2 + (SXp- r2 + 5Xp- r i2) 2 

A/f (22),30 _ »,r(H):30 _ M (22),03 
IV1 FF;rr' ~ IV1 FF;rr' ~ 1V1 FF:rr' 
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M 



(11), 11 

FF;rr' 



M 



(11), 12 
FF\rr> 



\ [(A FF , rr ,(\f r \,\f r ,\)y - (B FF , rrl (\f r \,\fA)) 

(SX F . rl + SXp-r'i) 2 - (SX F . r2 + S\ F . r i 2 y 

..(22), 11 _ A/f (H),22 _ M (22),22 
FF;rr' ~ FF;rr' ~ M PPW 



FFy 
2 



(^ FF;i v(|/ r |,|/ r ,|)) +(B FF , rr ,(\f r \,\f r ,\))' 
(SX F:rl + 5\ F . r i2) 2 + (SX F . r2 + SXp-r'i) 2 

M (22),21 _ / (ll),2l\* _ / (22),12\* 
FF;rr r — y U FF;rr' J ~ y IV1 FF;rr' J 

\ [(B FF .M\fr\, \7r'\)) 2 (A F F-M\fr\, \7r>\j) 
(SX F - r i + SX F - r ' 2 ) 2 — (5Xp. r2 + SXp. r 'i) 2 



(A.156) 



(A.157) 



M (i2),oo _ 
ivi FF . rr , — 



M 



(12), 11 
FF\rr' 



_ M (12),33 _ / M (21),00\* _ _/ M (21),33\* 
1V1 FF;rr> ~ y 1V1 FF;rr' J — y IU FF;rr> J 

CX P {l(0 r + (j> r >)} App, rr ,{\f r \,\f r ,\) B FF , rr ,(\J r \,\f r ,\) X 
(5X F . r i + SXp. r /i) 2 + {SXp. r2 + SXp- r > 2 ) 2 



M 



(12), 22 
FF\rr' 



(m£S)* = (m 



(21), 22 
FF:rr' 



- exp{i (<jy r + <j) rl )} A FF;rr ,(\f r \,\f r ,\) B FF . rr ,{\fX\fr'\) x 
(SX F - r i + 5X F - r i 2 ) 2 + (SX F . r2 + SXp. r >i) 



(A.158) 



(A.159) 



M 



(o6);(/s',fe=0,3) 



FF;; 



M (ah);(fc',fc=l,2) 
1V1 FF-rr> 



M 
M 



FFirr' 
(21), 00 
FF;rr' 
(11), 30 
FF;rr f 



(11), 11 

FF;rr' 
M (21),H 

M (H),21 
IV1 FF;rr' 





M (12),00 
Ivl FF;rr' 
M (22),00 

ivi FF . rr , 


M (22),30 

(12), 11 
FF;rr' 
(22), 11 
FF;rr' 



M (22),21 



M 
M 



M (n),03 

Ivl FF;rr' 



M (").33 
Ivl FF;rr> 
f(21),33 
FF;rr' 

(11), 12 
FF;rr' 



(11), 22 



M 

M 

Mp F ,, 

M (2l5,22 

ivi FF . rr , 





» /7 -(22),03 
lvl FF:rr' 

lvl FF;rr' 
M (22),33 



M (22),12 

M (12),22 
IV1 FF;rr' 
M (22),22 
FF\rr' 



(A.160) 



(A.161) 



4 Wdct (M^ rr ) (5A F;rl + a F;r2 )' 



sinhg |, /VI) 

17,1 



(A.162) 



f S/2 , f(2)* , i(2) , 

II n^T^ 4Jdet(M^ rr ) (^ ;rl+ ^ ;r2 ) 2 



■S/2 .?(2)* 



d/Krr A d/g } rr Sinh(2|/ r |) 



n n 

{x,t p } I r=l 



2 Z 



l/rl 



((5AF;rl + ^A F;r2 )' 



(A.163) 



det 



( M (ab);(k',k=0,3) 

yvi FF . rr , 



(A.164) 
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/ cosh(2|/ r |)-cosh(2|/ r ,|) \ 2 

V \JrV-\7A 2 ) 



\ \fr\ + \fr>\ J V l/rl-l/r'l J ^ ' ' ^ ' ' 



4 ! .let (Mj#g*' ,fc=1 ' 2 >) = (A.165) 
cosh (2 |/ r |) — cosh 



4 f cosh(2|7 r |)-cosh(2|7 J .,|) \ 2 ( , AF;r2 + ^ ;r , i)2 ^ +6Xpy2 y 



= 16^ j ( |7p| _ |7p/| J (^ 2 + ^0 (*A, 5rl+ fA^ 9 ) 



, S/2 S/2 ,J(0). ,4(0) ,4(3). A ,f(3) , 

JJ J JJ JJ gW^W d V Ad V / 4 4 det ( M W, *=0,3)^ = (AJ66) 

{x,t p } I r=l r'=r+l ' V I 



(S/2 S/2 ,4(0). . d ?(0) ,4(3). . ,?(3) 
_ TT S TT TT '"* Jr> > rr aJ D-rr' ,xa J D:rr' ^ 

{z,t p } I r=l r'=r+l 

ifl / < sinh(|7 r | + |7 r >|) V f si D h(|7 r |-|7r'l) V 2 a ' 

x 16^ |7r| + |7r>| j ( | 7r |_| 7r ,| J (<W+*W) (^ 2 + ^ 2 ) 



5/2 5/2 dfcAd/g> dfflLAdfW 



JJ JJ JJ "^ 2 A t flJ ^ a lBllL^l^lL J 4 4 det (M^' fe=1 ' 2) ) = (A.167) 



{x,t p } U=l r'=r+l 

S/2 S/2 .8(1)* ,4(1) ,4(2). ,4(2) 

U J D;rr' A a J D,rr' a J D;rr' /x U J D;rr' 

2~l 2~7~ 



n n n 

{£,t p } l r=l r'=r+l 



2 / , _ _ . \ 2 



x 16 ( 17,1 + 17,1 J ( 17-1-17,1 J + «^') + ■ 

The analogous procedure is performed for constructing sub-metric tensors in the 'BF', 'FB' parts for 
the odd parameters df,' D . m y v , drj% r ^ n (|A.84|A.85p from dY' in (df)^ ;mjPV , EH 
with the trigonometric- and hyperbolic (co)sine-, (co)sinh- functions of the eigenvalues in the coefficients 
ABF;mr'(\cm\, \f r '\) i BsF-y m(\f r >\, \cm\) (|A. 1351 A. 136|) . The inverse square root of the sub-metric tensors 
yields the coset integration measure for the Grassmann variables (|A.173IA.174[) because the 'FF' section of 
a super-Jacobi-matrix is considered with its sub-determinant in the denominator of the super-determinant 

/ « \ 2 -J^ / ~\' 12 / ~\'12.* ~ ~ o 

[ds 0sp \u(SX)) =4V V (dY) (dY) (SX F . y , + SX B . m ) (A.168) 

V FN v / BF.FB ^— ' V / BF:m,r'v V JFB-r'u.m v y 

m=l r'=l(t/=l,2) 

L S/2 



-*E E E 

m=l r'=l(i/=l,2) k,A=1,2 



df)D; m ,r'X fa) X v ex P{* (<Ati + <t>r>)} B B F;r'm{\f r >\, |c m |) + 
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+ d rj' D A B F;mr> ( I C m \ , \.f r '\) 



+ dflp. r , um A B F;mr'(\c m \, \f r ,\) 
L S/2 



( T2 )^ d ^D-r'K, m exp{-l ((f> r , + tp m )} B B F:r> m (\f r >\, \c m \) + 
X {SXf-t'v + S\ B ;m) 2 = 

-4 { d VD;m,r'l *7D;r'l,m X ( B BF ;r'm(|7r' I l^ml)) (^F;r'2 + £A B;m ) 2 + 

,|/ r ,|)) 2 (S\ F ;r>l+5\ B ;m) 



m—1 r' — l 

[a bf 

\mr' I Km I 



+ d VD:m,r'2 d VD;r'2,m X 



(^B BF . r ' m (\f r ,\, | I)) (sx F , rll + sx B , m ) 2 + 



(A B F;mr'(\Cm\, l/r'l)) (^F;r'2 + 5X B . m )' 



+ 



+ 1 d VD; m ,r>2 *7D;r'l,m 4 BF;mr' (|c m | , |7r' I) B BF;r'm (|7r' l> l 5 m | ) exp{l((^ m + r ' )} X 

{SXf-t'i + SX B . m ) 2 + (SXp-r'2 + 5X B . m ) 2 + 
i dfi' D . m rll dfi' D . r , 2 rn A BF . mrl (\c m \,\J r ,\) B BF . r , m (\J r ,\,\c m \) exp{-i((/) r , + <p m )} x 



(SXp-r'i + 5X B - rn ) 2 + (SXp-r'2 + 5X B -. 



L S/2 
m=l r'=l ( ( u,l/=1,2) 



a 'lD;r'u,m \ / Ivl BF;m,r 



r(12W 
l BF:m.r' 



M (21),^ M (22),^ 
Ivl BF;m,r' lvl BF;m,r' 



d VD;r'ii,m 



M 



(11), 11 



BF;m,r' 



M 



(11), 22 
BF;m,r' 



M 



-M 



(22),11 
BF;m,r' 



= -M 



(12), 21 

BF;m,r' ~ 



I)) (5A F;r ' 2 + (5A B;m ) 2 + 
(A BFvmrl (\c m \, |/ r /|)) (<5A F;r /i +(5A B ;m) 2 

(-BsF;r'm(|/r'l> l^ml)) (5Af ; t-'1 + £>Ab ;to ) 2 + 

^BF;mr'(|Cm|j l/r'l)) (<5A F ;r'2 +<5A B ;m) 2 

_ M (12),12 _ f M (21),12 \* _ _f M (21),21 \* _ 
lvl BF;m,r' ~ \y Ivl BF;m,r> J ~ y nI BF;m,r> J ~ 



= - A 



BF: 



'(|c m |, \f r >\) B BF .y m (\f r ,\, |c m |) X 



exp{i(<p m + <j> r i)} (5X F ;r>i + SX B . m ) 2 + (SX F;r > 2 + SX B - m y 



(A.169) 



(A.170) 



(A.171) 



/ M_ 



M 



{ab);{v, /i=l,2) 
BF;m,r' 



(11), 11 
BF;m,r' 














M 



(22), 11 .,(21), 12 



^BF;m,; 
M (12),21 



IVI BF;m.r' 
M (H),22 



\ M (21) ' 21 M (22) ' 22 7 

V 1V1 BF-m,r' U U 1V1 BF;m,r> ' 



(12), 12 
BF;m,r' 




r(22),22 



(A.172) 



V 4 ) 4 det (M^^ =1 ' 2) ) 



-1/2 



(A.173) 
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(cosh (2 |/ r ,|) -cosh(2 ? |c m |) 



(l/ r ,p-(z \- Cm \y 



sinh(|/ r 



\fr'\ +* |Cm| 



sinh (\f r ,\-i |c„ 



I/, 



-2 



L S/2 



n nn 

{x,t p } I m=l r'=l 



dflD;r>l,m df]D:r'l,m df]* D . r , 2m <%>;r'2,; 



^(-4)4 det (Mj$£r 11 

(- L S/2 

II II II *?Ar'i,m £%>;r'i,m drf D . r , %m drj D . r 

{x,t v } K m=l r'=l 



sinh(|/ r ,| +z |c m |) 



|/r'l + 1 |Cn 



sinh ( | / r , | 



l/r'l ~ * l c « 



'2,m x 
2 

X 



X K SXf-t'X + 5\B;rn) (sX F ;r'2 + <5A B;m ) J 



(A.174) 



A. 4 Invariant integration measure for df^o 
U(L\S) 



2Nx2N 



K — Q2N 



2Nx2N 



6A 



2Nx2N Q2Nx2N 



of 



In this subsection lA.4l we combine the various factors of the integration measure of the coset decomposition 
Osp(S, S\2L)\U(L\S). Apart from the action Aj [T] (|4.34M.38"|) . the U(L\S) subgroup part of densities 

with matrices ST, D ?. 2Nx2N K, Q^p, SA^, does not appear in the remaining actions of the effective coherent 



state path integral (|5.6p for the anomalous fields with coefficients averaged over the background density 
field <7p\x,tp) (|4.90I4.95|). Therefore, we neglect the detailed integration measure of U(L\S) subgroup 
or 'hinge' fields for the action A f [T] (|4. 34114. 35|) which determines the creation of the pair condensate 

fields Y(x, t p ) out of the vacuum. If one omits this detailed creation process and initial preparation of pair 
condensate terms, the derived actions .4^-_i[T], ^4^ [T], «4A / - +1 [T] (j5.7ti5.14|) from the gradient expansion 
remain for investigation of the dynamics of gradually varying pair condensates, immersed in an environment 
described by the density field cr^ix,^) fl4.9QI4.95p . Therefore, we list in Eqs. (|A.175HA.185|) the U(L\S) 
subgroup integration measure without further reduction 



(dsu^ 

d(5A) 
A^(p^) 
(dsi 



2 str 



2 str 

01,0 



d(SX a ) d(SX a ) 

-({PQ- 1 ) (dQQ- 1 ) (PQ- 1 ) 

A^(p K ,q K ) d(SX a ) 
(PQ- 1 ) A<<"> (PQ- 1 )- 1 



(^dfo)" (To^dfo)" (SX - 5X a ) 2 \A.175) 



a/3 



= 2 str 



d(SX a ) d(5Xa) 



- 2 str 



(dQ 



(A.176) 

(A.177) 
(A.178) 

L )" {dQQ- 1 ) 1 ' (8Xp - 6X a ) 2 ](A.179) 
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i^Q- 1 8 A Q 



2Nx2N 

(dsu] 



d(s£ D . i2Nx2N if) = Q- 1 M<5A, dQQ- 1 ] +d(«SAn Q 



STR 

a,a;b,/3 

STR 

a,a;b,0 



/a/3 V //3a 



(A.180) 
(A.181) 



d(6T,n- 



2Nx2N 



K 



) /3 d^'£>D;2Nx2N K^j 



0a 



L S 

d[dQ(t p ) Q- x (tp),6X(t p )] = d[S± D (t p ) K] = J] | 2 ( L+S )/ 2 ( J] d(5\ B , m ) J m d(<5A F;i ) 



>< n { n n ( 4 

{S,t p } ^m=ln=m+l 

r s s / 

>< n {n n ( 4 

{x,t p } k i=l i'=i+l V 



2 ! 



n nn w 



{tf,t p } m=l i' = l 



11 AH,-1\ /jAll All.-l 



2 i 



BB;nm ( p C c C \ * 

(5A F;J , -<5A F;4 ) 2 H (A.182) 



S 



d[*S D (ip) X] = d[dQ(t p ) _1 (*p).*A(*p)] = [] \ 2 ( i+s )/ 2 ( J] d(<LB AroTO ) J f l[d(6F D]i 

{x,t p } ^ Vn=l ' M=l 

>< n { ( n n 4 — mn) A d(< ^ ;; 

l m=l n=m+l 

x n { n n (J 4<%^m) j »> ia.is^, 

{z,t p } ^ m=l i'=l ^ 



2 ! 



' n n 4 

■ i=l i' = i+l 



2 ! 



The complete integration measure (|A.184p consists of the background density field and the coset part 
d[T~ 1 (t p ) dT(tp);SX(tp)] with a polynomial V{6X(t p )) (|A.186|) of the eigenvalues of the subgroup part, 
following from the various sub-metric tensors with their (inverse) square root of sub-determinants 



d[a^(t p )] d[5X(t p )K] = d[a%>(t p )] d[dQ(t p ) Q" 1 ^); SX(t p )] d[T-\t p ) dT(t p ):6X(t p )] 

= d[a ( °\t p )] d[5t D {tp)K] d[f-\tp)df{tp);5X{tp)] (A.184) 

d[f-\t p ) df(tp);SX(t p )] = V(SX(tp)) d[f- l {tp) df(t p )] (A.185) 



p(sx(tp))= n l(]j{5x B , m ) 2 VY[(sx F , rl +sx F , r 2) 2 ) (n n ^w+iv 

{x,t p } { ^m=l ' V=l ' ^m=ln=m+l 

. S/2 S/2 

' IT TT (^F;rl + ;r 'i) (^AiP;r2 + 8^F;r>2) (<5Ai?;r2 + <5A F;P 'i) (<5AF;rl + <5A F;r < 2 ) 



r—1 r'—r+l 
L S/2 



B-m ) 



- m—1 r' — l 



-l 



(A.186) 
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We separate this polynomial V{8A(t p )) (|A. 186|) from the coset integration measure of anomalous fields and 
move it to the integration measure of the subgroup parts so that the 'relevant' coset integration measure 
d\T~ 1 (t p ) dT(t p )\ (|A.187[) remains for the pair condensate fields in the coherent state path integral ([57 
with effective actions A^-i[f], A^ [f], A' M+1 \f] (15. 7115. 141) 



d[f-\t v ) df(t p )] 



■j-j- f -j-j- fdc D . mm /\dc.E) ]mrn ^ 

{x,t p } { m=l ^ 



sin 



(2 |c m |) 



>< n n n 

{x,t p } I, m=l n=m+l 

( S/2 S/2 3 



2 i 



2 i 



sin (|c m | 



(A.187) 

j-j \ S £{ df%: r Adf% rr siiih(2|/ r |)- " 

{x,t p } I r= A 2l 

sin (|c m | - |c„|) 



I/, 



x 



n { n n n ^^' );r '- A ^ )rr ' 4 



{x,t p } K. r=l r'=r+l fc=0 
f L S/2 

>< n nn — 

{x,t p } I m=l r'=l / 



2 i 



| | ~i~ | | 

sinh(|7 r | + |7 r ,|) 



\fr\ + l/r 



sinh(|/ r |-|/ r ,|) 



\fr\ - \fr 



d VD;r>l,m <%>;r'l,m dfj* D . r , 2 drj D ;r'2,r. 



sinh(|/ r ,| + i \c m \) 



I/, 



sinh (1/ 



I/,' 



B Determination of matrix elements in the gradient expansion 

B.l Simplifying matrix elements of Green functions with unsaturated spatial 
derivatives 

We transform and reduce the matrix elements C^"-, C^ a (e?i), C^°j(9i,dj) (|4. 134114. 136| for A' SDET 
with increasing order of unsaturated spatial gradients according to the commutators (|4. 12314. 124p and 
with the rules of propagation for Green functions defined in subsection 14.41 In order to apply the rules 
(14. 11614. 117p in subsection 14.41 we consider the separation of T _1 (a ? , T p ) (diT(x,t p )) into the generators 
of the sub group U(L\S) and into the generators Y^ of the coset space (compare with appendix 
IA.21 Eqs. (|A.59HA.74|) ). The corresponding functions g K {x,t p ) and s K (x,t p ) depend on the bosonic and 
fermionic pair condensate fields. We briefly list in Eqs. (|B.lllB.6j) the results from appendix O for the 
purpose of simplifying the matrix elements (|4. 134114. 136|) 



f-\x,t p ) (d l T{x,t p ) 

\ /J Pa 

dT(x, t p ) 

g K (x,t p ) 

{£<«)} = {AW, hw} 
|y(K)| 



(d i9K (x, t p )) °° 5 a . b - \(d t s K (x, t p ) ) If™ (B.l) 

V / J (Sol L \ / J (3a. 

dx l (d t f(x,t p )) (B.2) 
g K (c d (x, t p ) , f D (x, t p ) , c £ (x, t p ) , /_£ (x, t p ) , fj D (x, t p ) , r) £ (x, * P ))(B.3) 
s« (cd (x, t p ),f D (x, tp),c% (x, t p ),f£ (x, t p ),fj D (x, t p ),r)^ (x, tpUBA) 

(B.5) 
(B.6) 

(B.7) 



generators of subgroup elements U(L\S) 
generators of coset elements Osp(S, S\2L)\U(L\S) 



Using the important integral relation (|B.7|) for f 1 (x,T p ) (diT(x,t p )) 

f-\x, t p ) (dif{x, t p )) = exp {r(f , t p )} (di exp { - Y(x, 
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dv exp |« Y(x,t p )\ {diY{x,t p )\ expj - v Y(f,i p )j , 



we can derive a formal series of commutators acting onto the derivative of the coset generator Y(x, t p ) 
(|B.8|1 . This equivalent relation to (jB.ip follows after integration over the parameter v 6 [0, 1] in (|B.7|) and 
specifies the functions g K (x,t p ) and s K (x,t p ) 



(diS K (x,t p )) f (K 

) (d;T (f , t p ) 



d igK (x,t p )) 



ba 



0a 



5a,b = 



(B. 



6a 

= / cfo 

/3a Jo 



exp 



expj 


Y(x, tp) , ... 


| — i2ATx2AT 




Y(x, ip) , ... 





ji> Y(x,t p ) 
(diY&tp)^ 



} (a,y(af,t p )) 



6o 



/3a 



/3a 

The commutator series in (|B.8[) can be calculated with the super-generator Y(a!, t p ) for the anomalous terms 
being separated into generators or matrices Y^ and corresponding even and odd parameters, abbreviated 
by y K (x, t p ) for the pair condensate amplitudes (as e.g. in the fundamental representation of Osp(S, S\2L)). 
However, one can also apply the adjoint representation (|B . 11[) of Osp(S, S\2L) with supercommutator 
[yW, . . .} in order to determine (|B.8j) . This is in particular possible if one has already computed the root 
vectors of Osp(S, S\2L) ([34], subsection [O]) 

(B.9) 
(B.10) 

Y(x,t p ) , ...] = y K (x,t p ) fyW, ...} ~y K {x,tp) adr^ w _ j . (B.ll) 



Y(x,t p ) = y K (x,t p ) Y^ 

y K (x,t p ) := even and odd parameters 



In order to apply the rules (|4. 11614. 117[) in subsection 14.41 we have to relate the anomalous-like self-energy 
<5S^, a (x, t p ) and its derivative (<9i(5S^ a (x, t p )) with b ^ a to the term \T~ 1 {x, T p ) {piT{x, t p ))~\ „ a 



T 



-\x,t p ) (dif{S,t p ) 

=^ Stf a a (x,t p ) 



b^a 



(diS K (x,t p ) 

Sk tp) Y^ ^ 



b^a 
0a 



ba 

0a 
b^a 



b^a 



(didt^ix, t p ] 



00 
b^a 



(B.12) 
(B.13) 



Application of Eqs. (|4.116|4.117| allows to identify the spatial derivative of the anomalous- like self-energy 
with the term (|B. 12|) so that the matrix element C b ^- (|4.134p is transformed to Eq. (|B.14p where the part 

[ — s K (x,t p ) Y t - K )] b ^ 1 refers to pair condensate amplitudes without the spatial derivative (|B. 13|) 



eft = g (0) [^ 0) ] v It- 1 (a^ir* 6(0) [^ 0) ] 



0a 



b^a 



(B.ll) 



1 



b^a 



0a 



T (x,tp) (djT(x,t p )) 

v(x,t p ) = u(x) + (Tp (x,t p ) u(x) 



l(djv(x, t p ) 
u{x) 



^k{Xi tp) Y ^ 



b=£a 
0a 



b^a 



( X 1 tp) — U 



(B.15) 



The trap potential u{x) and background field <7p (x, t p ) have to be normalized by the energy parameter 
J\f = Ml M x (|B.15|) because the operator O = TL + ■ I2NX2N + AO, which determines the gradient 
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expansion with the Green functions G^ [a D ] , is defined with this energy scale of the discrete finite intervals 
for spatial and time- like variables in the coherent state path integrals (|4.71I4.82[) . 

In analogy the matrix element G h ^{di) (|4. 1 35[) is reduced with propagation rule (|4.117[) where one has 
also to take into account that anomalous-like terms f a (xi,t' q ) ® fp{x2,t' q ) only propagate in the traces 'Tr' 
of doubled Hilbert space for A' SDET 



Cg°(ft) = (S,t p \ ft V If' 1 {d 3 f)\ b ^ (d 3 u + d 3 a^) \x,t p ) 

L J pa \ / 



0X b \ di G^[a^\ fj If- 1 (^T)1 MQ G^[a^j \^tp) a (djv&tpj) 

L J 3a V / 



b\ 2 



T-\x>,t' q ) (d' ] T(x',t' q ) 



(B.16) 

0a 



= —(a^tp^l^f-^tp) (d j f(x,t p ))] b ^ +2(d i (d j v(x ) t p )} [-s K (2,i p )FW]^j 

Rela tion Gg^ a ? -( a, (|4. 136IB.17|) with two unsaturated spatial gradients needs the additional commuta- 
tors (|B.18|B.19|1 for further transformations 



rfa 



b^a 



(B.17) 



b=£a 



f- x {djf) GW{* { £>] di dj \x,t p ) 



tia. 



b^a 



= / iK E 9i ^ 6(0) ^ 0) ] 6(0) [^ 0) ] + 

+ i^t P \ G(°)[4 0) ] iC^T) 6 (^°| G(°)[4 0) ] 0< 8 S \S^) a \ Vq \f-\t' q ) (fljf %)) 



5?i,/3;x2,c( 



- G (0) [a^ 0) ] + G (0) [a^ 0) ] fl^ + [i exchanged with j 



(B.18) 



g(°)[4 0) ] (a> + &>£>) g(°)[4 0) ] (^ + 54 0) ) g<°>[(7 



^ 0) ] + 



a 



15 - 



i exchanged with j 



(B.19) 



Upon insertion of the commutator relations (|B.18|B.19p into (|B.17j) . the unsaturated gradients are shifted 



in such a manner that they only operate on the pair condensate amplitudes [T 1 (9 3 -T)]'? 4a , yielding 
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additional derivatives of the coset matrices 



= &t P "\ 9i d j G(°)[^ 0) ] fj If- 1 (d ] f)}^ a G(°)[4 0) ] \x,t p 

(3a 



b^a 



(B.20) 



+ (x,t p "\ G(°)[4 0) ] f, f- 1 (djf) M ° G(°)[4 0) ] di dj \x,t p )" 

L J /3a 

6 

x,t p I 6W[*$>] §i dj-G^la^} (d^u + d^a^ G^[c 

#°>[*g>] (d 3 u + dA } ) G (0) [^ 0) ] + G^} + 

- <3<°>[*g>] (d t u + d t a^) <3«>[*g>] + 

x (x 2 ,t> q |G<°^ 0) ] |f,t p ) + 

x,t p I G(°)[4 0) ] 1^,*;) x 9, 9,- G(°)[4 0) ] - G(°)[4 0) ] (p,« + &a,S$) G( )[4 0) ] + 

+ { (g (0) [4 0) ] + »i*g J ) # 0) [*£>] (ft* + MS 5 ) G<°) [*< 



b^a 



+ 



i exchanged with j 

.6 



+ dj G (0) [^ 0) ] (d.u + d^) G (0) [a^ 0) ] ) + \i exchanged with j] 1 |f,t p 



Vq 



f-%) (djf(t' q )) 



b^a 

x-L,fl;X2,a 



b^a 



We further approximate above relation (|B.20j) and only consider up to first order spatial derivatives of the 
pair condensates or coset matrices 



CfM.dj) = (x,t p I di dj #°>[*<°>] f) f- 1 (djf) G(°)[4 0) ] \x,t p ) 



b^a 



fin 



b^a 



(B.21) 



+ (x,t p I 6<°>[*g>]i) 



b^a 



f- l (djf) G^[a^]didj\x,t p ) 



13a 



b^a 



2 2 



(div(xit p )j (djv(x,t p fj - (didjv{x,t p )} j x 



x &t p "\ g<°)[4 0) ] f, If- 1 (djf)] b * a g^[^ 0) ] |f^T) 



/3 a 



b^a 



^2(div(x,t p fj (djv(x,t p f) - (didjv(x,t p ) 
-^tp) (d 3 f(x,t p ))] b ^ a +2(djv(x,t p )) \-s K {x,t p )Y^ 

J [3a V / L 



b^a 
/3a 



b^a 



Finally, we substitute (|B.14IB.16IB.2ip into the trace term 'Tr' with two spatially unsaturated gradient 
operators (see Eq. (|4.133p with matrix elements (|4.134H4.136|) ) and obtain relation (|B.22|) which also 
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contains pair condensate amplitudes [ — s K (x,t p ) Y^ K ^ b ^ without any derivative 
STR (i) f~ l (dif) di G(°)[4 0) ] f, f- 1 (djf) G<°>[*£> 



Tr 



Tr E £ (B.22) 



1 

- str 

2 a,/3 



f-\x,t p ) (dif(s,t p )) 



1 a^6 




X 


(didj 


a/3 





f- l (s,t v ) (dif(x,t p )) 



b^a 

pa 



2\didj(djv{x, t p ) 
1 

- str 

2 a ,p 



Sk(x, tp) ^ 



T-ifatp) (diT(x,t p )) 
2 1 di(djv(x,t p ) 



str 

a,/3 



a/3 
a^6 



b^a 

d, 



b=£a 
Pa 



T-\x,t p ) (d t T(x,t p )) 

+ 2(d j v(x,t p )^ [-s K (x,t p ) y( K 



a/3 



d v(x,t p )^ + 

b^a 

+ 

Pa 



b^a 
Pa 



f-\x,t p ) (djf(x,t p )) 



b=£a 
Pa 



l(div(^,t p )j(djv(x,tpfj - (didjv(x,t p ) 



T, T-\ (diT), (didiT), (dif) ■ (djT) , (E p T) . (B.23) 

One usually restricts to coset matrices with at most two spatial derivatives and first order time derivative 
(|B.23|) . We assume that this is sufficient to extract the Goldstone modes of a spontaneous symmetry 
breaking of Osp(S, S\2L)\U(L\S) <g> U(L\S). Since the metric tensor Go S p\u appears simultaneously in 
the action A' SDET and in the invariant coset measure with the square root of the super-determinant 

(SDET(G 0sp \(7)) 1/2 , a conformal invariance results with the inclusion of the coset integration measure 
leading to Gaussian integrals concerning the action (IB.22j) . However, the resulting relation (|B.24I) allows 
further spatial derivatives to be transferred by partial integrations from the averages of the background 
field to the pair condensates [ — s K (x,t p ) Y^'^J' without any derivatives. After neglecting the averages 
of background fields involving three derivatives (|B.25IIB.27|) . the second order gradient term (|B.24|4.133|) 
reduces to the stated relation (|4.137[) in subsection 14.51 which is further transformed to the coset matrices 
Z(x,t p ) = T(x, t p ) S T^(x, t p ) 



Tr 



STR( t) f- 1 (dif) di G^[a^} fj f- 1 (djf) dj d<®[a$ y 



dip i \ ^ \ ^ 
/ r h Af 2-j 2.^1 

JL - x a, 6=1, 2 



str 

a,P 



— str 

a,P 



f-\x,t p ) (dif(x,tp))]^ x \didj(djv(x,t p )^ [-s K (x,t p ) 

(djv(x, t p ] 



a^b r 



str 

a,P 

str 

a,p 



aP 
a^b 

a/3 
a^b 

a/3 



T~ x (x,tp) (dif(x,t p )) 
f- l (x,t p ) (dif(x,t p )) 
f-ifrtp) (dif(x,t p )) 

x ^2(Siv(x, tpfj(djv(x,tp)j - (didjv(x,t p ) 

a^b r 



f'H^tp) (d l f(x 1 t p )) 

$K (^M tp) Y^ ^ 



b^a 
Pa 



b^a 
Pa 
2 



+ (B.24) 



x - 1 di[djv(x,tp) 



pa 



f-\x,tp) (djffatp)) 



2 

b^a 
Pa 



2 str 

a,p 



T-\x,t p ) (diT(x,t p )) 



aP 



t p ) Y ^ 



b=ta 



pa 
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I (div(x, tpfj (djv(x, tpf) ~ ^ (di (djv(x, t p ) 



dJ {djv(x,t p ) 



(diV&tp)) (djv&tptfj wO ; (di^fdjd^tpfj) J «0. 

° (B.25 ) 

After neglecting consequently averages of background fields with three spatial derivatives in (|B.24j) . (IB.25|) . 
we achieve final relation (|B.28|) for the gradient expansion of A' SD ET with two unsaturated spatial operators. 
One might argue that terms like 



str 



s K (x,t p ) Y^l" & If-^^tp) (dif(x,t p )) 

-I a0 L 



b=La 
0a 



x ( dA coefficients v(x,t p ) 



(B.26) 



should be taken into account after partial integration with di of the prevailing coefficients v(x,t p ) so that 
this derivative moves to the anomalous fields, yielding second order gradients of them. However, this leads 
to a total divergence of the pair condensates 



di str 

a,0 



a=£b 



a/3 



K {x, t p ) f-\x, t p ) (dif(x, t p )) 



b^a 
0a 



x I coefficients v(x, t p ) ) , (B.27) 



which can be transformed to a surface integral. These integrals should vanish for appropriate surfaces on the 
premise that the coefficients (|B.25j) have a negligible, gradually varying dependence in space. Consequently, 
we attain the final relation (|B.28|4.137|) which is the most important contribution for the extraction of 
Goldstone modes in the spontaneous symmetry breaking of Osp(S, S\2L) to Osp(S, S\2L)\U(L\S). The 
pair condensates only remain in the traces 'Tr' of doubled Hilbert space with an anti-unitary second part 
whereas the density terms completely disappear due to the propagation with the product of two Green 
functions starting and ending at the same contour time point 



Tr 



STR( fj f- 1 (dif) di G (0) [a^ 0) ] fj f" 1 (djf) dj G (0) [a 



D - 



(B.28) 



dtr, 1 



(a^b) 



2 3, 



, str \ T-\x,t p ) (dtf&tp)) f-\x>,t p ) (djf(x,t p )) 

v(x, tp) ^(djv(x , t p fj -2(didjv(x,t p fj - E ( (pkv(x,t p )\ + (d k d k v(x,t p ) 



b^a 
0a 



fe=l 



Apart from the gradient expansion with (|B.29|) . we have also to take into account the generating source 
field J(T~ X ,T) ([B~30]) whose second order expansion of the effective actions is listed in relation (|B.31jl . 
This generating source field J(T ,T) (|B.30jl can be replaced by derivatives with respect to the pair 
condensate 'seeds' i J < ^ b a p(x,t p ) K (|2.63|2.64p of the action Aj [T] ()4.34[) for observables which go 
beyond the second order expansion of ^(T -1 ,! 1 ) in relation (|B.31|I . However, the pair condensate 'seed' 
fields i J ( ^jj b a f}{x 1 tp) K (|2.63I2.64|) of the action Aj [T] (14.34|) do not allow for generating density terms 

as the source field J(f-\f) pOOfr 

SH(f-\f) = -fj(f - 1 S (E p f) + f- 1 (didif) + (f- 1 Sf-S)E p + 2f- 1 (dif) d^j (B.29) 

J&;#A f -Htp),fV 9 )) = T-^r\x,t p ) ik Vp Jsa ^ S 'f' {tp,t ' q) Vq KIK f^(x>,t' q ) (B.30) 
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A'[f;j] =~j( Tr STR 



i 1 
1 



J(f-\f) G<°)[4 0) ] J(f-\f) G<°)[4 0) 

6H{f~\f) G (0) [c^ 0) ] J(f-\f) G (0) [<t^ 0) 
^(J^l^lifGl )^] (8H{f-\f) G(°)[^ 0) ] J{f-\f) + 

\ba \ 

Jif-^^G^ia^Snif-^f^G^ia^f- 1 I) f}\J^J)) + 



Tr STR 



i 1 
2AA 



/3a 



1 



Tr STR 



^•VK' * f 6(0)[ ^ 0)] 6(0) [4 0) ] t- 1 



(B.31) 



C Dependence of gradients [T 1 (^^)] on the coset generator 



C.l Calculation of [T t p ) (<9jT(x, „ in terms of the independent pair 
condensates 



The U(L\S) left-invariant currcnt-matrix-fields [T ^-(a^tp) (diT(x, £ p ))] °o appear in the calculation of 
the integration measure of Osp(S, S\2L)\U(L\S) and also in the effective actions for the pair condensate 
fields (compare appendices IA.lllA.4l with subsection 13.31 for the change of integration variables in the co- 
herent state path integrals; see section |^] with appendix [B] for the gradient expansion and the effective 
actions of pair condensates with the transport coefficients averaged over the scalar density as background 
field). These currents depend on the coset super-generator Y(x,t p ) which consists of the independent 
anomalous fields. Therefore, it is of importance to find a suitable simplifying representation of the matrix 
fields [T~ 1 (x,t p ) (9iT(x, t p ))] in terms of Y(x,t p ) in the exponential of T(x,t p ) = exp{— Y(x, t p )}. 

We transform the coset generator Y(x,t p ) of the pair condensates with the U(L\S) matrices P£%(x,t p ) to 
its diagonal form Yod{x, t p ) (|C.1|) and apply this with the relations (|1.17H1.24f for varying the exponen- 
tials of the U(L\S) left-invariant current-matrix-fields (|C.2[FH We introduce the 'rotated' coset generator 
(d l Y) p = (d t Y') |CL3} which leads to the same dependence and symmetries in the coset matrix fields 
{diX'^j „ and H (<9iX')^ due to the properties of a coset decomposition (|C.4|) . Accordingly, we consider 

the 'rotated' boson-boson and fermion-fermion pair condensate fields (dic' D . mn ), (dif'^rr') = 0,1,3) 
which are symmetric and anti-symmetric under transposition, (except for the symmetric fermion-fermion 
field (difp 2 l r ,) which achieves anti-symmetry by the anti-symmetric Pauli-matrix T2) (|C.5IIC.7l) . The odd 

pair condensate fields (difi' D . r ^ n ) are also effected by the 'rotation' with Pag(x,t p ) and differ only by sign 
between the fermion-boson and boson-fermion blocks (IC.4|) 



Y 



P- 1 Ydd P 

P f- 1 (dif) P- 1 = P exp {Y} (di exp { - f }) P" 1 

dv exp {v Y DD } P (diY) P- 1 exp{ - v Y DD ] 



(C.l) 
(C.2) 



24 The detailed form of the U(L\S) matrix P^pi^'tp) ' s described in subsection 13.31 and appendix lA.il 
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P (diY) P- 1 = P (di P- 1 Y DD p) P- 1 = (diY^ p = (diY 1 ) = (C.3) 

(, — - . \ ab 

= ( -i^rnn) ^f^u) \ (Q4) 
V \°i' l lD;r f i,n) \°iJ 'D\rn,r'v) J af3 

(dic' D ) T = (dic' D ) =4> (<9 4 c' D;mn ) = (d t c' D . nm ) ; m,n — 1, . . . , L (C.5) 



- EW,, W'); r,r' = l,...,S/2; fx,u = 1,2 (C.6) 

fc=0 

To = 12x2 ; n, T2, T3 = Pauli-matrices 

(%) T = "(%) =► M^) = (««©r) (C7) 

The eigenvalue matrices YoD{x,t p ) (|C.8p and Xr>D(x,t p ) (|CJ.9[) of the pair condensate fields in F(a?,t p ) 
(|C.1[) are determined by the complex fields c m {x,t p ) with modulus \c m {x,t p )\ and phase ip m (x,t p ) for the 
boson-boson part (|C.10[) . Due to the anti-symmetry of BCS-pair condensates, the fermion-fermion part of 
XDD(x,t p ) (|C.9j) contains the anti-symmetric quaternion Pauli-matrix with the complex field f r (x,t p ) 
consisting of modulus \f r (x,t p )\ and phase 4> r (x,t p ) (jC.lip 



Y DD = 


f ° 


Xdd = 


/ -Cm $< 

{ o 



Xjjjj 









{-mj^fr § rr> 



(C.8) 



(C.9) 



c m = |c m | exp{«^ m }; m,n=l, ...,L (CIO) 
/„, = |/ r | exp{z0 r }; ry = l,...,5/2; /x,i/ = l,2. (C.ll) 

In relations (|C.12IIC.25|) . we explicitly list the results of the transformations (|C.HIC.7|) to the eigenvalues for 
the subgroup parts of (P f- 1 (dif) P^ 1 )°^ fr We separate the super-matrix fields (P f- 1 (dif) P' 1 )^ 
into its boson-boson, fermion-fermion, fermion-boson and boson- fermion blocks and compare the '11' part 
with the '22' part by introducing the hermitian matrices (diD) mn , (diG) r r , v for the boson-boson and 
fermion-fermion sections of the U(L\S) subgroup matrix parts (|C12IC.13|) . The relation among the odd 
parts of (P T _1 (dif) -P -1 )^ becomes obvious by including the Grassmann fields (di£,) rf ^ n , (9i£*) r n as 
abbreviation so that the anti- hermitian property of the odd sections in the '11' subgroup part is displayed 
against the hermitian property in the '22' block 



(PT- 1 (diT) P- 1 ) = } \ JBBmn V ^ JBF:ra.r'u ^ 

Ja0 1 1 P f- 1 (dif) P- 1 ) (P f- 1 (dif) P- 1 ^ ' 

V / FB:riL,n V J 



, I V^* /ran V- vti^r'v \ 

= (9,G) + , = (c^G) , (C.13) 

PT 1 (ftTjr 1 )' 1 ^ = -fpf" 1 (diT) P" 1 ) 11 (C.14) 

V / ctf3 V / a/3 
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I (p T" 1 d 4 T P- 1 ) (p T- 1 ftP P- 1 ) 

I i p f- 1 (d t f) p- 1 ) (P f- 1 {d,f) p- 1 ^ ' 



FB,rfi,n \ / FF;rfi,r' v 



(ftr) (9iG) J , 



22 



In fact, the '11' subgroup part (P T 1 (ftP) P follows by super-transposition of the '22' block 

with an additional minus sign (|C.16[) . We also have the anti-hermitian property of the boson-boson and 
fcrmion-fcrmion sections of the '22' part (|C.17|C.18j) as in the '11' block (|C.14j) . but a hermitian relation 
between boson-fermion and fermion-boson sections (|C.19|) instead of the complete anti-hermitian property 
in the '11' part (lUHl 

/ „ „ ~ - - \ 22, st / „ „ „ A „ -.11 

PT _1 (diT) P- 1 ) = -IP T- 1 (diT) P- 1 ) (C.16) 

( A A A A \ 22,+ / A A — A A \ 22 

PT" 1 (3iT) P" 1 ) = - PT" 1 (ftT) P- 1 ) (C.17) 

v y / BB;mn V v y / BB;mn 

» „ ~ „ \22,+ /„ » ~ „ „ \ 22 

PT- 1 (diT) P- 1 ) = -[P T~ x (d.T) P- 1 ) (C.18) 

/ FF;rfj,,r'v V / FF:r^,r'v 

( A A A \ 22,+ / A A A \ 22 

pr 1 terjp^ 1 = (pp- 1 (a 4 T) p- 1 ) . (c.19) 

v ' ) BF;m,r'u V v ' I FB;r'u,m 

Applying the transformations (IC.lHC.lTj) to the eigenvalue matrix Ydd of the coset super-generator Y, 
we obtain for the boson-boson parts of (P P _1 (diT) P~ 1 )'^ B . the Eqs. (|C.20IC.21[) where one has to 
distinguish between the diagonal m — n and off-diagonal m ^ n matrix elements 

pr 1 (ftp) p- 1 ) = - pr 1 (ftp) p- 1 ) = (c.20) 



( ~ i ~ -I \ ( Sin 



fpp- 1 (ftp) p- 1 ) 11 ^"-(pr 1 (ftp)p- lN ) 22 m ^ n (c.2i) 

V V 7 / BB-mn V V ' / BB-nm 

(a *>* \ »v / H^ml - cos (|cm|) cos (|c n |) - |c„| sin(|c m |) sin(|c„|) ^ 



/ S v \ |c»|-|c n | cos(|c„|) cos (|c m |) - |c m | sin(|c»|) sin(|c m |) 

— \Oi c D;mn) e " I i- |2 _ |2 

\ I | | Cm 

Similar results hold for the fermion-fermion block of (P P -1 (ftp) P^ 1 )"" . where one has to take 
into account the quaternion structure of the matrix elements with Pauli matrices To, tj., T2, T3. The case of 
diagonal entries with r = r', /x = v is given in relation (|C.22|) and that of the off-diagonal matrix elements 
with r^r',fj,,v=l,2 in Eq. (f023j) 



fp y-i fg.f } p-i\ = -fpf- 1 (d l f)p- 1 ) = (C.22) 
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(Pf^ 1 (dif) P- 1 ) 11 r t?' -(Pf- 1 (dif) P- 1 ) r t r ' (C.23) 

/ -|7. r ,| + |7 ? .,| cosh(|7 r ,|) cosh(|7 r Q-|7 r | sinh(|7. r ,|) sinh(|7 r |) \ 

V liVI 2 -|JVI 2 / 

/ -I7 r | + I7 r | cosh(|7 r |) cosh(|7 r ,|^-|7 r 'l sinh(|7 r |) sinh(|7 r ,|) \ 

V L/vl 2 -l7,<l 2 /. 

The relations for the fermion-boson and boson- fermion blocks are listed in Eqs. (|C.24IC.25P with the 
anti-commuting pair condensate fields (piff D . r n ) , (PiVD-run) anc ^ w ith the sine-, cosine-functions of the 
eigenvalues |c m |, \c n \ from the boson-boson section and the corresponding hyperbolic functions of the 
eigenvalues |/ r |, \f r /\ from the fermion- fermion part 



• „ A ~ a a \ 11 / A A ~ a a \ 22,T 

PT 1 (diT) P- 1 ) = ( P T- 1 (d l T) P- 1 ) = (C.24) 

V ' J FB;rn,n V V ' /BF;n,rfi 

■ \ /J.,, \ /l/rl - I7rl cos (|c«|) cosh (|7 r |) - |c„| sin (|c„|) sinh(|7 r |)\ 

T2) - e I J^+J^l 2 ~ ) 



rfi,n 



_ l(pn ( \cn\-\cn\ cos(|c ra |) cosh (|/ r |) + \f r \ sin(lc ra |) sinh(|/ r |) 

V \Cn\ 2 + \fr\ 2 



a a ~ A a \ 11 / A A ~ A A ,\ 22, T 

P T- 1 (diT) P- 1 ) = -(PT- 1 (diT) P- 1 ) = (C.25) 

/ BF:ra,r'v V / FB;r'u,m 

\cm\-\cm\ cos(|c m |) cosh (\f r , |) + \f r , \ sin(|c m |) sinh(|/ r ,|) 



{9i ^^ elv v _ _ Ic m | 2 + I7.l 2 _ 

/£a/ w n /" l/r'l - l/r'l cos(|c m |) cosh ( | f r , \ ) - \c m sin(lc m |) sinh ( |) ^ 

l ^ rt,W *' e I |c m p + |7.l 2 J. 

The structure of matrix elements (P T^ 1 (ftP) P^ 1 )"^} m the coset parts a 7^ b is itemized in rela- 
tions (|C. 26110.30]) by introducing the symmetric boson-boson matrix (diB) , the anti-symmetric fermion- 
fermion matrix fftA) , and the odd parts (di() , (diC) T , ■ These matrices (diB) , (d;A) , , 

[diQ r n and (<3iC) m r / v have symmetries (|C.27IC.30|) and respect with their ordering in the '12' and '21' 
coset parts the general defining relation (|C.28[) of the Osp(S, S\2L)\U(L\S) coset decomposition 



(Pf- 1 (dif) P- 1 



12 

a/3 



P f- 1 (dif) P- 1 ) 12 (Pf- 1 faf) P- 1 ' 

J BB-mn V > 

P f- 1 (ftp) P- 1 ) (p f - 1 (ftp) P- 1 ) 



12 



(C.26) 



(a 4 P) T = (ftP) (fti) T , =-(fti) , (C.27) 

V 'van \ 'ran V 'rii.r'u \ 'rii.r'v v 7 



r[i,r'v V 'ru. 1 

12 \ T /a. ~ a a -\ 21 



Pf- 1 (d i f)p- 1 ) k) = (P f- 1 (dif) P- 1 ) (C.28) 



a/3 



a/3 
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(Pf' 1 (<9 j; T) P" 1 



21 

a/3 



P f- 1 (5if) P- 1 



21 



BB;rnn 
21 



(a,P) + = (d % B*) 



FB;r(i,n 
m,r'v \ 

CdiA) + , =-(diA*) , . 



Pf- 1 (dif) p- 1 
P f- 1 (dif) p- 1 



21 



BF;m,r'v 
21 



(C.29) 
(C.30) 



We also record the coset currents (P f^ 1 (dif) P' 1 )"^ in terms ol the eigenvalues Ydd, Xdd according 
to relations (jC.HIC.lTj) . The symmetric boson-boson part for a ^ b is achieved with the 'rotated' fields 
(dic' D . mn ), (dic'l). mn ) and modulus and phase of the eigenvalues c m (x,t p ), c n (x,t p ) which result into sine 
and cosine functions. One has also to split for the cases of diagonal m = n and off-diagonal matrix elements 
rn ^ n so that we find from Eq. (jC"2)) the relations (|C.31IC.32|) 



P T- 1 (dif) P" 1 



12 



BB; 



(Pf- 1 (dif) P- 1 



21, 



BB;; 



(diC D . mrn ) < 



1 sin (2 | Cm |) 



4 \Cr, 



(dic' D . T 



1 sin (2 | Cm |) 

2 + 4 tem I 



(C.31) 



p f - 1 (a ( f ) p- 1 



12 



BB;mn 



FT' 1 (dif) 



21,* 



BB:mn 



(9ic% r 
(diC D . r 



i (fc+4)„) 



|c„| cos(|c„|) sin (|c m |) - |c m | cos(|c m |) sin(|c„|) 



|c m | cos(|c„|) sin (|c m |) - |c„| cos(|c m |) sin(|c„|) 



(C.32) 



Corresponding relations of (|C.31IC.32|) follow for the fermion-fermion sections in the coset parts a ^ b of 
(P P _1 (dif) P~ 1 )°^p'i however, we have to consider the quaternion structure of the matrix elements 
in the fermion-fermion sections and have to replace the sine, cosine of the eigenvalues by its hyperbolic 
functions of | f r \ , \f r i\. The diagonal matrix elements r — r' with quaternion Pauli matrix ti are determined 
by the 'rotated' pair condensate fields (diff^^), (dif'iylt) <1C.33[) whereas the off-diagonal elements r ^ r' 
are contained in Eq. (|C.34[) 



12 



P f- 1 (dif) p- 1 

i^),„. (dif}> 



F F;rf\i,rv 

i(2) Jl , sinh (2 |/ r 



P f- 1 (dif) P- 1 



21,* 



FF;rfi,rv 



4|/ r 



(n f' 1 _ sinh ( 2 lAj) 

' F>:rl ) \o 



(C.33) 



fpr 1 (c\f) p- 1 ) 12 r t^' - (pf- 1 (^f) p- 1 



, i 



\lr\ cosh(|7 r ,|) sinh(|/ r |) - |7r'l cosh (l7rl) sinh(|7 r / 



l./VI 2 -|/,'l 2 
f'(l) 



'(2)* 



f'(3)* 



' fJLV 



' ftiy 



(C.34) 
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l/rl cosh(|/ r |) sinh(|/ r ,|) - \f r ,\ cosh(|/ r ,|) sinh ( | | ) 

I7,.| 2 -I7,.'l 2 



Finally, we also acquire relations (|C.35IC.36[) for the 'rotated' odd pair condensate fields (difj' D . r/1 n ) , 
(di^D-ru n)- These equations contain the trigonometric sine-, cosine- functions of the boson-boson eigenval- 
ues c m , c n and its corresponding hyperbolic functions for the fermion-fermion eigenvalues f r , j ' r , so that the 
boson-boson sections of the super-pair condensates have a compact structure whereas the fermion-fermion 
pair condensates have non-compact degrees of freedom 

Pf- 1 idif) P -1 ) 12 = -(Pf- 1 idif) P- 1 ) 21 '* = (C.35) 

/ FB;rfj,,n V / FB\rp,,n 



|c„ cosh.(\f r \) sin (|c„|) + |/ r | cos(|c„|) sinh(|/ r |) 



Jc„| 2 + |/ r | 2 

t \ fa-'* \ tU r + Vn ) ( \IA cosh (I/t-D sin(|c„|) - |c»| cos(|c n |) sinh(|/ r 

/„ „ ~ „ „ \ 12 / „ „ ~ » » \21,* 

( P T- 1 (diT) P- 1 ) = [P T- 1 (diT) P- 1 = (C.36) 

V x ' I BF-m,r'v V x ' /BF;m,r'i> 

'\c m \ cosh(|/ r ,|) sin (|c m |) + \f r ,\ cos(|c m |) sinh (|/,,, |) ' 



\fr 



w \ i (<*„+<!>,) f \fr'\ cosh ( | / r , |) sin(|c m |) - \c m \ cos(|c m |) sinh(|/ r , 

MWtoe ' I |c m | 2 + |/ r ,| 2 
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